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SYSTEMS OF TWO LINEAR INTEGRAL EQUATIONS WITH TWO 
PARAMETERS AND SYMMETRIZABLE KERNELS. 


By MarGareT BUCHANAN. 


1. Introduction.—Since the time of Sturm and Liouville, numerous 
memoirs have been written concerning the linear self-adjoint differential 
equation with a single parameter and with boundary conditions. In the 


equation 


(a) 


d 


dx 


(v5) + (Aq — r)u = 0 


p and its derivative p’, q and r are continuous functions of a independent 
of the parameter \, p > 0, g > 0, and r may have either sign in a given 
interval. Various writers—Sturm,* Liouville,t Bécher,t Hilbert,§ Stek- 
loff, || Kneser,{[ Mason,** and others—have proved theorems concerning 
the existence of characteristic numbers \;, and the expansion of more or 
less arbitrarily given functions into series whose terms are the characteristic 


functions w;. 
The corresponding theory for a linear integral equation with one param- 


eter and a symmetric kernel, 
b 
eo) =r f Ke, Neat 


was developed by Hilbert{{ and Schmidt.{{ By the use of Green’s function, 


* Sturm, Journal de Mathématiques, Vol. 1 (1836), pp. 106-186. 

t Liouville’s Journal, Vol. 2 (1837), p. 16 and p. 418. 

t Bécher, “Encyklopidie der mathematischen Wissenschaften,” II A, 7a; Annals of 
Mathematics, Ser. 2, Vol. 13 (1911), p. 71; Comptes Rendus, Vol. 140 (1905), p. 928. 

§ Hilbert, ‘Grundziige einer allgemeinen Theorie der linearen Integralgleichungen,”’ 
pp. 39-59. 

| Stekloff, Annales de la Faculté des sciences de Toulouse, Ser. 2, Vol. 3, pp. 281-313; 
Comptes Rendus, Vol. CL (1 Semester, 1910), pp. 601-603; ibid., id., pp. 452-454; ibid., 
Vol. CLI (2 Semester, 1910), pp. 800-802. 

{] Kneser, Mathematische Annalen, Vol. 58 (1904), p. 81; ibid., Vol. 60, p. 402; ibid., 
Vol. 63, p. 477. 

** Mason, Mathematische Annalen, Vol. 58 (1904), p. 532; Comptes Rendus, Vol. 140 
(1905), p. 1086; Transactions of the American Mathematical Society, Vol. 7 (1906), pp. 
337-360; ibid., Vol. 13, p. 516. 

tt Hilbert, loc. cit., pp. 46, 49. 
tt Schmidt, ‘Zur Theorie der linearen und nichtlinearen Integralgleichungen,”’ Mathe-. 

matische Annalen, Vol. 63 (1906), p. 433. 
155 
II 
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Hilbert showed an important connection between a self-adjoint differential 
system and an integral equation with a symmetric kernel. 

For the polar integral equation with a single parameter, that is, an 
equation with a kernel of the form a(s)K(s, t), in which a(s) is a continuous 
function that changes sign a finite number of times in the interval consi lered 
and K(s, t) is symmetric and positive definite, Hilbert* developed a theory 
analogous to that for the orthogonal, or symmetric case. If ¢ in equation 
(a) is a continuous function which changes sign a finite number of times in 
the interval, if r > 0 and p > 0, the equation leads, not to an orthogonal, 
but to a polar integral equation.{ Hilbert’s restriction that q vanish only 
a finite number of times in the interval has been removed by later writers. } 

A theory similar to that for the orthogonal integral equation has been 
developed for the integral equation with certain unsymmetric kernels of 
more general type by A. J. Pell,§ Marty,|| and others. 

Systems of two linear self-adjoint differential equations with two param- 
eters have been considered by Hilbert, who gives an existence theorem for 


the equations 


(>) 
ACBL + at uby=0 (a 


— Qa uB)n=O0  (& < 


dé 
when p> 0,a>0,7>0,a> 0; p, a, b denoting analytic functions of z 
and 7, a, ® analytic functions of £. He states that if the further condition 
ab — a8 = 0 is fulfilled only for a finite number of analytic curves, an 
arbitrary function of x and &é that satisfies certain conditions of continuity 
and the boundary conditions may be developed into a series in terms of the 
products yn(x)nn(s), where y, and 7, indicate simultaneous solutions of the 
given equations, satisfying the boundary conditions. For the case when 





* Hilbert, loc. cit., p. 195. 

+ Hilbert, loc. cit., p. 205. 

t Fubini, Annali di Matematica, Ser. 3, Vol. 17 (1910), p. 111. Marty, Comptes Rendus, 
Vol. CL (1910), p. 515; ibid., id., pp. 603-606. Garbe, Mathematische Annalen, Vol. 76 
(1915), pp. 517-547. 

§ Pell, Bulletin of the American Mathematical Society, Vol. 16 (1910), pp. 513-515; 
Transactions of the American Mathematical Society, Vol. 12 (1911), pp. 165-180. 

|| Marty, Comptes Rendus, Vol. 150 (1910), p. 515; ibid., id., p. 605; ibid., id., p. 1031; 
ibid., id., p. 1499. 

{ Hilbert, loc. cit., p. 263. Oscillation theorems for this case have been proved by 
Yoshikawa, Géttingen Nachrichten, 1910, pp. 586-594; and Richardson, Transactions of 
the American Mathematical Society, Vol. 13, pp. 22-34. 
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ab — a8 = O nowhere in the region, every continuous function of x and &, 
with continuous first and second derivatives, is developable in terms of 
yn(a) mr (3). 

More recently A. J. Pellft has proved existence and expansion theorems 
for systems of linear equations with two parameters, of the types 


oO 2) 
Uu=X 2 kijuj + py > Lu, 
j= j= 


(c) _ a 
v% =X > MW. — 24 Nir} 
and 
b b 
} u(x) =X { K(a, y)uly)dy + p f L(x, y)uly)dy, 
(d) </a a 


v(s) = rf M(s, t)v(t)dt — uf N(s, t)o(b)dt; 


where the matrices and kernels are symmetric. 

In the present paper the theory indicated in the last paragraph is 
extended to equations of type (d) with symmetrizable kernels subject to 
certain conditions which are stated on page 6. Hilbert’s results for the 
differential equations (b) are obtained by considering a special case. In 
§ 2 it is shown that there exist real values of \ and u for which the equations 
(d) with symmetrizable kernels, and the adjoint equations, have con- 
tinuous solutions u;, 2; and uj, v7, respectively. Some properties of the 
solutions are developed in § 3, and the coefficients {f;} of the expansion 


f(z, 8) = > fausa)o(s) 


are shown to be of finite norm. In §4 the expansion of an arbitrary 
function of two variables is considered. An expansion 


h(a, 8) = Xwk(x, 8) { [hy Qualudea Oda, 
in which : 
wa(a, 8) = us(x)S N(t, s)ox(t)dt + v2(s)S L(y, x)ua(y)dy, 
is obtained for-a function h(x, s) that can be expressed by 
SS LK*(a, fly, ON*¢, 8) + L*(a, yfy, )M*(t, 8) dydt 


where f(y, ¢) is any continuous function of y and ¢t, and K*, L*, M*, N* 
are symmetric kernels connected with K, L, M, and N, respectively. 


; Pell, “Linear Equations with Two Parameters,’ Transactions of the American 
Mathematical Society, Vol. 23, No. 2 (1922), pp. 198-211. 
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That functions satisfying less stringent conditions may be expanded in 
terms of other characteristic functions connected with the integral equa- 
tions (d) is shown in § 5 for the two important cases where the kernels 
are symmetrizable functions of well-known types: 


I. K(a,y) =SK(a, &)Téydé, La, y) = SL (a, OTE, ydé, 
M(s, t) = SM(s, n)T(n, t)dn, = N(s, t) = I N(s, 0) T (1, tn. 
Il. K(z,y) = a(z)T(e, y), L(x, y) = b(@) Ta, y), 
M(s, t) = as) T's, 2), N(s, t) = 5(s) T(s, t). 


Kernels of this type have already been mentioned in connection with the 


polar integral equation. Differential equations (5) lead to integral equa- 


tions with kernels of the second type. 
In obtaining the results as to the existence of solutions and the expansion 


of arbitrary functions, the method used is the reduction of equations (d) ° 


with symmetrizable kernels to equations (c) with symmetric matrices and 
the application of the theory previously developed for equations in infinitely 
many variables with two parameters. 

_ 2. Existence of Solutions.—Consider the system of linear integral equa- 
tions 


, 
(a) => [ Ke, Nuy)dy + uw [" Lee, uae, 
(1) an : < 
of¢):= f M(s, t)v(t)dt — p | N(s, t)o(é)dt, 


and the adjoint system 


u*(2) = df woke, x)dy + wf woe, x)dy, 
(2) a : 
o*(e) = f v*(t) M(t, s)dt — p f v*(t)N(t, s)dt. 


In (1) and (2) the kernels K and L are real continuous functions of the 
real variables x and yina <x <b,a <y <b, Mand N are real continuous 
functions of the real variables s and tine <s <d,ce <t<d; LandN 
are positive definite* or have only positive characteristic numbers and 
KN+ 1M #0. Further, there exist continuous and symmetric positive 
definite kernels 7 and 7, such that K and L are-symmetrizable on the left 


as b b 
by T, M and N by Tf, that is, Ei T(x, #)K(é, y)dé, } T(x, &)L(é, y)d& 





* The kernel L is positive definite if { /f(x)L(z, y)f(y) > 0, for functions f, not null 
functions, integrable and with squares integrable in the sense of Lebesgue, except on & 
set of points of measure zero. 
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= d 
7 T(s, n)M(n, dn, f T(s, n)N(n, t)dy are symmetric functions. We 


| shall use the following notation: 


f ” Ta, #)K(é, y)dé = f TK = K+, f TL = L*, 


ee aa ae 
{ T(s, 1)M(a, t)dn = f TM = M*, f TN 


In general, 
S AB = S A(a, 2)B(z, y)dz, SSA =Sfly)Aly, x)dy, 
S Af = S A(x, y)fly)dy.* 
To show that there exist real values of \ and yu for which systems (1) 


and (2) have continuous solutions, system (1) is reduced to a system of 
linear equations in infinitely many unknowns, with symmetric matrices. 


Re. 


In the process of reduction, use is made of the expansiont 


(3) [i= [If 90 


where f and g are continuous functions, g is of the form / Th, and {¢;, Wi} 
isa closed biorthogonal system of continuous functions such that y; = J T¢;. 
Let {o:, Wz} be a second closed biorthogonal system of continuous functions 
such that ¥. = Tox. For-{¢;, yi} and {Gx x} it is convenient to use 
functions related to the characteristic functions x; and x; of the symmetric 
positive definite kernels 7 and 7, respectively. Since the characteristic 
numbers of 7 and 7 are positive,t we indicate them by a? and b? and 
write 


xi(v) = BST (a, y)xily)dy, Xa(s) = RS T(s, t)xx(dt, 


which become 





® Q- (re, nox, = f Te, nbsxe(ode 
Let 


g=ax, W=%, H=bx, w=, 
a; b;, 

* As we shall consider only the square a =z =b, ay =b, for the variables x and 
y, and the square c = s =d, c =t =4d, for the variables s and ¢, the limits of integration 
and statements as to the range of the variables will be omitted. Wherever there is no 
ambiguity, we shall omit the variables. 

t Pell, “Biorthogonal Systems of Functions,’’ Transactions of the American Mathe- 
matical Society, Vol. XII, p. 147. 
t Laleseo, “Introduction 4 la Théorie des Equations Intégrales,”’ p. 71. 
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then since we may assume that the systems {x:}, {xx} are orthogonal and 
normalized, we have 


S on; —— 65; and Sow = Oxi; where ben = : 
The equations (4) give the relations 
vila) = ST (x, yey)dy, ils) = ST(s, tex(tdt. 


We now proceed to reduce the system (1) to a system of linear equations 
in infinitely many unknowns. Multiplying the first equation of (1) by 
y.(x), integrating, and then expanding the second member by (3), we have 


f uaiyiade = Ef fo f 76 ODK@ » 


+ pL(x, y) ]dx-9;(y)dédy- J u(y) W;(y)dy 


= 4, 
~y 


Ser Str 


or 


(5) f wi= Lf feof TOK + ule; f ws 


and similarly from the second equation of (1) we have 


(6) [ob = dt Pk f TOM — uNY¢r- f mb. 


Equations (5) and (6) may be written in the form 
t= ro kay + wd lisa, 
(7) ve gt 
Yr =X PB MEY — Me » Be NY Ly 
| | i=] 


where 


a= fui, ki = SS :K*¢3, lj = SS eil*¢;, 
Cams Swi Mk = SS ¢xM*¢1, ne = SS GrN* G1. 


The matrices K, L, M, N of (7) are symmetric, since the kernels K*, L’, 

M*, N* are symmetric, and the sum of the squares of the elements of each 

is convergent. For example, the convergency of >- kj; is evident from the 
t,J 


following 
t= ff ee) f Te, OKE, wakesudrdy 


x { f e.(z) f T(y, E)K(E, y)dt-e;(y)daedy 
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= asf [ xw@Ke, 2) ue dadt-a; { { x@K(, 2) x) dadé. 


But 
SS KiB x5 SS GK xi SSS xB GP ASS GK xi f, 


and sincet 


>| ff x@KE or wrdtde [s [ [KG Pater, 


the series >> k7; is convergent. 
G 

The two matrices /;; and nx: are of positive definite type, if the kernels 
L* and N* are themselves positive definite. In proving L* and N* positive 
definite, use is made of the biorthogonal systems {¢;, ¥;}, {¢x, Wx} defined 
by the relationst 
i= ai f Lei, Vi 7 ai SVL, Vi = S Tei 
Ck a BiS Nex, vi. = BES VAN, Vi = Ei Tox. 


By the expansion (3) 


SS f(x) L*(a, yf (y)dady 


= ff T(x, &)f(a)dx-o;(£)dé- f [ze y)f(y)dy-Wilé)dé 


(9) * yi Livdeyteae 


2 
a: 


t 


Similarly, 





{fo (s)N*(s, t)g(t)dsdt = ye oe aE 


Therefore the kernels L* and N*, and consequently, since matrices obtained 
from the kernels by another set of biorthogonal functions corresponding 
to T and T would differ from K, L, M, N only by orthogonal matrices, 
the matrices /;; and nx; are positive definite. 

Inasmuch as the matrices K, L, M, and N of (7) are symmetric and 
such that the sum of the squares of the elements of each one is convergent, 
inasmuch as L and WN are positive definite and k:jnz: + 1;;mz: $= 0, there 
exist real values of \ and uw for which the system (7) has solutions 2,, yx of 

{ Hilbert, loc. cit., p. 181. 

t Pell, “‘Existence Theorems for Certain Unsymmetric Kernels,” Bulletin of the Amer- 


ican Mathematical Society, Vol. 16, p. 515. Marty, Comptes Rendus, February 28 and 
April 25, 1910. 
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finite norm, and to any pair of parameter values \, » there corresponds 
only a finite number of linearly independent solutions 2;, ¥;,. 

We now pass from the equations (7) in infinitely many variables to the 
integral equations (2). By means of 2;, y;, solutions of finite norm of (7) 
corresponding to a definite set of parameter values denoted by Xo, so, we 
obtain a pair of continuous solutions of (2) corresponding to the same 
parameter values Xo, wo. Consider, in particular, the first equation of (7) 


r= > f J ilE)[NoK*(E, 2) +. mol *(E, 2) ]o;(2)dédz-a;;. 


multiply both members by /[AoK (y, x) + wol(y, x) Wi(y)dy, and sum with 
respect toz. The result is 


Sf Dok, 2) + woL(y, 2) Wilyddy 2 
= © f DoKG, 2) + woL(y, 2) Waludy 
j 


x f | odd) eK *(E, 8) + ine *(E, 2) Joya) dbdeae 


which reduces to 


> | LrcK(w, x) + wol(w, x) ]pi(w)dw-2; 
(10) = [ DoK, 2) + uoL(, 2)] 


x > 4 DK, 9) + wol(en, 9) Wslw)drodyae 


From (10) it is evident that for the parameter values or characteristic 
numbers Xo and yo, the continuous function 


u*(z) = Xf Dok w, 2) + pol(w, x) |W;(w)dw-2; 
7 
is a solution of 
(2)’ u*(x) = do fu*(y) Ky, x)dy + wo fu*(y) Ly, x)dy, 


which is the first equation of- the adjoint system (2). Therefore by the 
Fredholm theory, 


(1)’ u(x) = of K(a, y)uly)dy + wo S La, y)u(y)dy 
t Pell, Transactions of the American Mathematical Society, Vol. 23, No. 2, p. 203. 
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has a continuous solution u(x), and by the same theory, if n denotes the 
number of linearly independent solutions u*, ud, ---, uX of (2)’, the 
equation (1)’ has exactly n linearly independent solutions w, we, -+-, Un. 
In the same way it may be shown from the second equation of (7) that for 
Xo, Ho the second equation of the adjoint system (2) has a continuous solution 
v*(s). It follows that 


v(s) = of M(s, t)o(t)dt — po f N(s, t)v(t)dt 


has a continuous solution v(s), and that, corresponding to a pair of char- 
acteristic numbers Xo, wo, the number of linearly independent solutions »; 
is the same as the number of linearly independent solutions 7. 

That a simple relation exists between the solutions of the systems (1) 
and (2) appears from the following: the equations (1) when multiplied by 
T(x, &) and T(s, n), respectively, and integrated, become 


S T(x, &)u(a)dx = AS Sf K(a, &) T(x, y)ul(y)dydx 
+ pS S L(x, §)T (2x, yyu(y)dydz, 


S T(s, n)v(s)ds = »~S Sf Ms, n) T(s, t)v(t)dtds 
—pSS N(s,n)T(s, t)v(t)dtds, 


and these equations show that f Tu and JS Tov are solutions of the adjoint 
system (2). On account of the (1, 1) correspondence already noted be- 
tween the solutions uw and w*, and between v and v*, we may say 


ut = STu;, ve = fT r,. 


These results give the following theorem: 

THEOREM 1: Jf K(a, y), L(x, y), M(s, t), N(s, t) are real continuous 
functions, if L and N are positive definite or have only positive characteristic 
numbers, and KN +,.LM # 0, and tf there exist continuous symmetric positive 
definite kernels T and T such that f TK, f TL, f TM, STN are symmetric, 
there exist values \ and p, necessarily real, for which the system of equations 
(1) has continuous solutions u, v, not identically zero, and for which the adjoint 
system (2) has continuous solutions u*, v*, not identically zero. The solutions 
of systems (1) and (2) are connected by the relations ut = f Tu;, v% = S Tre. 

3. Properties of Solutions.—Let w;(x), v;(s) be solutions of system (1) 
corresponding to Aj, wi and uz(x), v%(s) solutions corresponding to Xx, px. 
Then from the equations for wu; and u,, by using as multipliers u*(x) and 
u;(v) and integrating, we obtain 


SS wiTun =VuVSS S uT Ru: + wi SS Su TLui, 
SS Un Tus = uSS S uiT Ku + ureSS SuiTIuz, 
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and therefore, since the kernels f 7K and (TL are symmetric, 
(11) Ai — ADS SS url Kui + (ui — un)S SS ux Tlu; = 0. 
In the same way, from the equations in 2; and x, there results 
(12) i MW)SS STM: — (Ui — uSS STN; = 0. | 
If \; ¥ Ax, and w; ¥ wx, the determinant of the coefficients of (11) and (12) 
must vanish, that is, 
(13) SS utKu; SS uéLu;| _ 0 
\S Sf -vtMo; — SS vEN?; ° 
The equations 
S S uiTuz = iS SurT Ku; + wi SS UT Lui, 
x Ft v7 RE = iS tg Vk TM oo MiSs i UE TNv:, 
give, on the elimination of-u and the use of the relation (13), 
| S Suklu; fuyui| _ 0 
\— SS No; Sf vFo; 
Hence the matrix 
(Ato S Sutlu; Suu; 
SS vEMv, —SSvtNrnu Sri; 
is of rank < 2, ifi#k. 
To show that fujut Sf fot Nv; + frovtS Sutlu; ~ 0, we have only 
to write the expression in the form 


SS UuzTUuS SN, 4+ S STS S wl*ui, 


where each term > 0 because of the positive definite character of 7, 7, 
L*, and N*. Since fuwutS SrvtNo; + foatS SutLlu; > 0 we may as 
sume that the solutions u; and v; have been multiplied by such constants 


as to make 


SuutSsS SrvENov+ forts Sutlu; = 1. 


We have, therefore, for (w:, v;), (wz, 0%), corresponding to different char- 
acteristic numbers, the relation 
S Suk S S vENv; + Sov S S ut Lu; 


(14) 
= Sf fuj(x)v;(s)wi (x, s)\dads = bx 


where 


(15) we (a2, 8) = UE (aS Nt sox (t)dt + vf (8) S L(y, x)u® (y)dy. 














BucuanaNn: Systems of Two Linear Integral Equations. 165 


From every system of n linearly independent solutions of the equations 
(1) corresponding to a particylar pair of characteristic numbers it is possible 
to build up by linear combinations n linearly independent functions that 
satisfy the relation (14). Let w1, we, +++, Un; 1, V2, +++, UM be solutions of 
(1) corresponding to Ao, uo. We assume, as above, that {Smut = 1, 
and then determine c; and d; so that 


SS (ui — es) (0; — dv,)uF 
(16) = f fupwt — of Supt + die; -— f fun?) = 0, 


a= 2,3, --+,n. 


If f fuwwt = 0, take c; = d; = 0, and the akove equation is satisfied. 
If f fuwwt ~ 0, choose ¢;# f fuwwy and from (16) determine d;. 
Let uw) = 1, Uz — C1 = U3 01 = 41,0; — dam = 0;; 1 = 2,3,---,n. Then 
the new system 41, te, +++, Un} 1, V2, -**, U is such that [fiat = 44. 
Proceeding as before, we determine ¢; and d; to satisfy the equation 
SS (i — Gite) (5; — d;ie ws = 0, 1 = 3, 4, ---, mn. By repeating the 


process indicated above, we obtain finally a system U;, Us, ---, Un; 
Vi, Vo, «++, Vn, where U; and V; are linear homogeneous functions with 
constant coefficients of wi, We, --+, Un and 2%, V2, +++, %m, respectively, with 


the constants so determined that f/) f-U;V W# = dix. 
If the series 


(17) f(x, 8) = Do faus(a)oi(s) 


is uniformly convergent, the coefficients of u,v; may be expressed in a form 
analogous to the Fourier coefficients in the expansion 


eh 
als) = Xeals) | gvo(Oat, 


where {¢,, W,}is a biorthogonal system. Multiply(17)by uf (x) Sf N(t, s)o% (dt 
+ of (s) f L(y, x)ux (y)dy, integrate, and use the relation (14), thus obtaining 


fe= SS Suk (a) f(a, 8) N(t, 8)0¥ (t)dadsdt + vé(s)f(x, 8) L(y, x)u¥(y)dsdady 
= SS f(x, s)wk (a, s)dads. 
If the series 


fla, s) = >5 Aw (2, 8) 
1 


is uniformly convergent, the coefficients A; may be expressed in terms of 
the solutions wu; and »;. Multiplying the equation by wu,(x)2,(s) and 














166 BUCHANAN: Systems of Two Linear Integral Equations. 


integrating, we have 


f{ / f(a, 8) Ux (a), (8)dads 


= Ba] f owt ff ntl _ Jv rf. Nn |. 
«=1 


A; = SS f(x, 8)ui(x)v;(s)dads. 


Hence 


Again, if a function f(a, s) be expressed by a uniformly convergent series 
of the form 


f(x, s) = a Byuk (x)v¥(s), 


or 


f(x, 8) = 2) Cww,(a, 8), 
where : 
(18) wi(x, 8) = us(x) SN (s, thi(t)dt + v,(s) fL(a, y)vi(y)dy, 
the coefficients are found to be 
B= SS f(x, 8)w:(2, s)dxds, 
Ci = SS F(x, 8)ud (w)¥ (s)dacds. 


Let f(x, s) and g(x, s) be continuous functions and suppose that the 
series on the right of (17) is uniformly convergent. After multiplication of 
(17) by T(, 2)T(s, LS gz, )N(m, &)dE+ So(E, n)L(z, dé], and inte- 


gration, we have 


} f f f f f(x, 8) T(x, 2)N*(s, £)g(z, £)dadsdédz 


‘J LS f fre 8) T(s, n)L*(a, &)g(é, n)dadsdndt 


=EA| ff [rt@ae ove, ootraeatin ) 


+ ff fetorog, nie E)ut(@) dds 


a 2d figi- 


The coefficients f; = fw of a continuous function f(z, s) are of finite 
norm. In order to prove that > f? is convergent, we establish, for F(z, 8) 
ti 











f 


vir 
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a continuous function, the relation 


SSS S(F, 8) L*(a, Fy, )T(s, t) 
+ F(a, s)N*(s, t)F(y, t) T(x, y) |dadsdtdy > 0. 


(19) 


This inequality is a direct result of the positive definite character of L* 
and N*, and is evident if the biorthogonal systems {¢,, yi}, {Gz, vi} 
defined by (8) are used in the expansion of the expression on the left of 
(19). By the expansion (3) and by substitutions from (8), 


J 4 J J [F(@, s)L*(a, y)F(y, t) Ts, t) 


+ F(x, s)N*(s, t)F(y, t) T(x, y) |dxdsdtdy 
= Lf fr s)¥(s)ds- L*(z, y) ff T(s, t)F (y, t)dt-ox(s)dsdydx 


+ 2d {ff F(a, WiladeN*(e, t) ff T(x, y)F (y, t)dy-¢:(x)dadtds 
=> f f * F(x, 8)9x(s)dsL*(z, y) {Fu t)Pu(t)dtdydx 
+O ff [Fe oi@de-neG, 1 [ Fy, Ovatu)dydtds, 


where each term is positive because L* and N* are positive definite Hence 
the relation (19) is established. To show > f? convergent, substitute 
t 


f(a, s) — d-fiui(x)0i(8) for F(z, s) in (19), thus obtaining 


i] f f f [f(a, s)L*(a, y)fly, t) T(s, t)+f(a, s)N*(s, t)f(y, t) T(x, y) \dadydsdt 


- EAL ff [Cteose, 016, aut ededeae 


+ uf(x)f (ax, s)N(n, s)v¥(n)dxdsdn ] 


~ EA ff ff Core, 016 nut e@ratayis 


+ uF Yf(y, ON (n, tet (n)dydtdn] 
+EA| fuceatarde ff toner sesordnds 


ra f oi(s)a¥(s)ds f f ut (L(E, a)uteaéde | > 0. 








168 BucuaNan: Systems of Two Linear Integral Equations. 


This reduces to 
[ [ff test+nerr—-2D4n+ Deo, 
which gives 


(20) Saf ff fcarr+svery 


We conclude from (20) that the sequence of coefficients {f;} is of finite norm, 

4. Expansion of Arbitrary Functions of Two Variables.—For a system 
of two linear integral equations with symmetric kernels, it has been shown} 
that when f and g are continuous functions 


J if f { LK(a, y)f(z, 8)N(s, thg(y, t) 


+ L(a, y)f(x, s)M(s, t)g(y, t) |\dxdydsdt = yee, 
where £. = SS f(x, s)w,(a, s)dxds, and that 
fe 


f { Ke Diy, ON(s, t) + L(x, wfy, )M(s, Hdydt = > alt *) 


a 


Corresponding forms may be obtainea for the symmetrizable case as a 
result of the expansiony of the determinant matrix 


Wei :Wejl 
(21) kink aa Lmx1 = =. ina ’ 
a Ne 
where Wait = Yar Litas ~ Tai d Meals %qi and yx denoting solutions of 


(7) corresponding to the idietiantniceale numbers Ag, Me. Since 


Weik = [vas © ff etre: f us + f wads D ff enN*er f rabo 


by means of (21), the following equality may be verified: 


oe) : J a K*(z, yf(a, s)N*(s, Dg(y, 


+ L*(2, y)f(x, s)M*(s, t)g(y, t) |\dxdsdydt = pie. 


Na 
As f(z, s) and g(x, s) are any two continuous functions, it follows from (22) 
that 


co eae ee, 
K*(z, y) N*(s, t) + L*(2, y) M*s, ) = os - 


if the series on the right is uniformly convergent. 





t Pell, Transactions of the Amzrican Mathemitical Society, Vol. 23, No. 2, p. 208. 




















= oe 
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The problem of the expansion of arbitrary functions in terms of the 
solutions Ug and %, ux and v%, and in terms of w, and w% will now be con- 
sidered. On account of (21), we have the relation 


ff CK, ate, ONG, 0 


03 ) 


+ L*(a, y)fy, )M*(s, t)Jdydt = > = 8) fa 


if the series on the right is uniformly convergent. As {f,} is known to be 
of finite norm (§ 3), the series )-w*(zx, s)f,/d. is absolutely uniformly con- 
a 


vergent if {w%(2, 8)/Aa} is of finite norm. In proving the convergence of 


w* (2, s) \? 
ZX) 


we employ again the two biorthogonal systems {¢;, Wi}, {Gx Ye}, corre- 
sponding to the unsymmetric kernels L and N, respectively. If there exists 
a continuous function A(a, y, s, t), such that 


292 - 
(24) [ff [eouw A(x, y, 8, t)o,(s)Wr(t) dadydsdt = ajxj1- aa 


where 


vag" 32 —+ min: —2 
k i 


=[fv (y)K(y, )<p;()dydar 2H! wet [ { He ) M(t, s)¢7(s)dtds - a3? 


ai 


Aikjl = 


it follows immediately that {w* (a, pit is of finite norm, for 


(25) _— 3 ={f. A(x, y, 8, thwe(y, t)dydt, 


and since f Sfut = fi, {SS Ala, y, 8, thwé(y, t)dydt} is of finite norm. 
The relation expressed by (25) may be validel by substituting in (25) the 
value of we given by (15), expanding the second member in terms of the 
biorthogonal systems {¢;, Wi}, {¢x, We}, and finally multiplying the equation 


by ¢i(x)¢;(s) and integrating with respect to x and s. The result of these 
operations is an equality already established f 
(26) Chet = Na Dy Ving 

jl 


. 1 ] . : 

In which 2% = futo: S vier, ch = s+ Be’ and aij, is the matrix already 
Qi k 

defined. 


i Pell, ‘Transactions of the American Mathematical Society, Vol. 23, No. 2, p. 200. 
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As the existence of A(z, y, s, t) satisfying (24) is not assured, we intro- 
duce a transformation A[ f(z, s) ], where f is of the form $f 797, such 
that if 





fila, 8) = A[ f(a, 3) ] 
then 


(27) f f fil, 8)eilx)x(s)deds = yo TH f i. fly, t)ej(y)erlt)dydt. 


2 
fr Cp 


The relation between the transformed function A[ f(z, s) ] and A(z, y, s, t) 
of (24), when the function exists, is given by 


(28) A[ f(z, 8s) ] = SS Ala, y, 8, Of(y, tdydt, 


which follows directly from (27). 

The transformed function of g*(s)/ f*(y)L(y, x)dy exists and is a con- 
tinuous function, for it may be expressed in the following form, in which 
the series on the right are uniformly convergent. 


- A[g*(s)S f*(y) L(y, x)dy] 


= FLVDK MSSOWEE , 2 Tye ff gndTucodtn 


4 yp LOEs eo f g(n)oa(n)dn 7 i Y(t) M(t, 8)dt. 





(29) 





The second member of this equation may be written as the product of 
factors less than unity or of the form /Fy; and fF, F and F, denoting 
continuous functions. As a consequence of (3) 


ot ee 
Sa! ja Fa 


and 


Therefore the two series on the right of (29) converge uniformly. To 
verify (29) multiply it by ¢;(x)¢i(s), integrate with respect to x and s, and 
then factor the second member, thus reducing (29) to (27) with f = g*/f*L. 
The transformed function of f*,fg*N exists also and is continuous. ‘There- 
fore A[w*(z, s)], which we shall denote by Ag, exists and is a continuous 
function. As 


* 
A[ wi (2, s) | = wee, 2) 


a 














ch 


n- 


ch 


It, 


of 


d 


C= 
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because of (25), we prove that {w2(z, s)/.} is of finite norm by proving 
3 A? convergent. 


a=1 


By the series of operations that follow, we derive the inequality 
n 
>, 42 <#+ ¥, 
a=1 


@ 
a continuous function, thus showing the convergency of } 42. From 


a=1 


(29) we obtain 


A| o* [rt |= p> fis [ obe| AER. aaa 


= ai a? + a | 


(31) 


Since the second member of (31) is in the form a(b+ c¢) and since 


2a(b + ec) < a? + 2(6? + ©), it follows that 


2A | ov) [rote ody | 
< LAF vivdy LS od anF mee 


2 
a. 


t 





#0, = 20] ( [vnKe aay) - RZ ie 


+H? (fvecome, nar) |. 


is given by Mercer’s theorem, 


y? 
a 
Vi 


vi 





se ) ie 


e[oa]= fame ot 3[ Jw] fe 


by (3), hence & is a continuous function. Because of (9) and (3), the 
inequality (32) becomes 


2| AL g*(s) Sf*)LYy, x)dy]| 
s SSSF(@)L* (a, y)f(y)dady- S'9(s)9*(s)ds + (a, 3). 


t Mercer, ‘““Symmetrizable Functions and their Expansion in Terms of Biorthogonal 
Functions,” Proceedings of the Royal Society of London, Series A, Vol. XCVII; p. 409. 


12 


The uniform convergence of 2 Be 


(33) 
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It may likewise be shown that 
2| ALF*(x)S9*() NU, s)dt]| 
SSSH(8)N*(8, tho @)dsdt- ff(x)f*(x)dx + V(x, s), 


where Y? is a continuous function of x and s. From (33) and (34) there 
results 


P(x, 8) — 2AL ST, 8) SLy, x) S Ty, Of (E, n)dédydn] 
+ SS f(a, 8)L*(x, yfly, ndxdy- SS T(n, s)dnds 
— 2A[ STE, SN, 8) ST(n, Of(E, n)dédndt] 
+ SS f(a, s)N*(s, tf(é, tdsdt f S T(E, x)dédx + V(x, s) > 0, 


(34) 


(35) 


n x 
For f(x, s) in (35) substitute > A,u,.(x)v,(s), where A, = : oy »#) . Then 
a=1 a 


st is ee lat Ie 


= 2A [= ot Lat ao ut fee | “A, = 248 
and 


fforfft+ ffarffr 
= EA2( feat ff uttue + ff nau ff tx) = d Ae 


Therefore (35) reduces to 
B(x, s) — 242+ YA? + V2, 8) > 0, 


that is, 


42 <4. 


a=] 


On account of the continuity of & + W’, 


> 42 <P, 


a=1 


where P denotes a constant, and {w*(z, s)/\,} is of finite norm for all 
values of x and s in the given intervals. 











ere 


2 
as 


tw 
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As fz is known to be of finite norm (§ 3), we conclude that the series 
formed from the absolute values of the terms of 


wa(x, 8)fax 
2X igh 


where f(2, s) is any continuous function, is uniformly convergent. By (23) 


h(x, 8) = f Ff LK*(a, y)f(y, )N*(t, s) + L*(a, y)fly, )M*(t, 8) ]dydt 
=> wale, $)fa | 


Qa a 


and the equality 


f h(y, thua(y)%a(t)dydt = fe 


follows directly from (22), hence 


(36) A(x, s) = —- ms Do wa (a, $) ff h(y, t) tay) (t)dydt. 


These results may be expressed as a theorem: 

THeoREM 2: If K, L, M, and N are continuous real functions such that 
K*, L*, M*, and N* are symmetric, of L and N are positive definite, and if 
KN + LM # 0, any function h(x, s) that can be expressed in the form 

h(x, 8) = SSLK*(a, Wfly, ON*@ 8) + L*(x, fy, OM*¢, 8) ldydt, 


where f(x, s) 1s any continuous function of x and s, may be expanded into the 
absolutely uniformly convergent series 


h(a, 8) = >> wk(a, 8) $f h(y, t)te(y)va(t)dydt. 


Equation (36) may be written in the form 


[[ [f 2 OKG mt, ONG.) + LE de, OMG, O(n, Dakandyat 


=< ff 7@, dua, Te, ddan ff ff TK@, wf, ONG, 0 
+ L*(z, y)f(y, t)M*(s, t) JuX(x)vk(s)dadsdydt. 


Inasmuch as T and 7 are definite, it follows that 
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f f [K(é, wf, )N(n, t) + Le, wfy, )M(n, 8) Mdydt 


= Dewalt f ff [CKe, whe, ONG 0 


+ Li, Wfy, )M(m, t) Jdydt-ud(Es)ve(mi)dédaa 


if the series is uniformly convergent. That is, if 
(37) g(x, 8) = SSLK(2, Wfy, ON(s, t) + L@, Wfy, )M(s, t) ldydt, 
then 


(38) g(x, 8) = Dwele, 8) f i g(é, n)uk()0#(n)dédn 


if the series converges uniformly. 

5. Special Kernels.—We shall now consider as special cases the equa- 
tions (1) and (2) when K, L, M, and N are symmetrizable kernels of two 
important types. 

Case I: K(a,y) = SK(a, £)T(E,y)dé, = L(x, y) = SL (a, £) T(E, y)de, 


M(s; t) = SM(s, 0)T(n, dn, —-N(s, t) = S/N(s, 0) T(n, tan, 


where K and M are symmetric, and L, N, 7, and 7 are symmetric and 
positive definite. 


Case II: K(a, y) = a(x) T(a, y), L(x, y) = b(x)T(a, y), 
M(s, t) = G(s)T(s,t), —-N(s; t) = B(s) Ts, 0), 


where a(x), b(x), a(s), b(s) are continuous functions and b(x) > 0, 5(s) > 0 
for x and s in their respective intervals. The functions 7(2, y) and 7(s, t) 
are symmetric and positive definite. The kernels ZL and N have only 
positive characteristic numbers. 

Expansion Theorem for Case I.—For this case it will be shown that the 
series in (38) is uniformly convergent. Substituting for g in the second 
member of (38) the expression given by (37), we obtain 


(39) ieap~ ZOE) ff $@ dwty, Odyde 


The immediate problem is to show that for Case I {w,/d,} is of finite 
norm. We introduce a transformation B such that 


(40) SST(a, OBLf(a, 8)]T(n, s\deds = ALT (a, f(a, s)T(n, s)], 


A denoting the transformation defined by (27). The transformed function 
Blo(s)S L(2, y)f(y)dy] exists and is a continuous function, for it may be 








— ao a | 


ry EOC 


,. ee. a ee 
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expressed in the following form by series that are uniformly siadineaiaes 
ie : : Lal J a > 
ae fi a?  B g k k 


In the second member of (41), (Ko; = { SKTo;: = / Kyi, and { f/ Ky,} 
is of finite norm. Likewise {Sfy:}, {Sve}, and {f Mex} = {fMy;} 
are of finite norm. If we consider the kernel N as a function symmetrizable 
on the right by the function N, which is of positive type, by Mercer’s 


















(41) 


results* we have the expansion 


[Xo Ne, ban = LOO, 


la- and the uniform convergence of the series on the right follows from the 
wo uniform convergence of the series in Mercer’s expansion for N(s, t).| We 
conclude, therefore, that {¢,/82} is of finite norm. Similarly, in the 
expansion 


f He, Ob, nde = a@eew) 
n a 


n 
rd the series is uniformly convergent, and {¢;(x)/a?} is of finite norm. 
Hence, the two series in (41) are uniformly convergent and represent a 

continuous function. The transformed function BLf(«)/N(s, t)g(t)dt] 
exists also, and is continuous. We have then 


SS T(x, vp) BEG (9S La, pfydy + fx) SN(s, tg(dt]T(s, q)dads 


0 = Alg*(QSLy, v)f*(ydy + frp) SN Oo* dt]. 
t) When f = uw, and g = 2%, this becomes 

YT Perc, p)Bloals) SL, y)uely)dy 

le + Ug(2) SN (s, t)va(t)dt]T(s, g)dzds = A[w*(p, q)]. 
d "e Mercer, loc. cit, 400: For a kernel & symuneiritable on the siahe boyy’, Maen 


gives the expansion 


SP? e@, 2'@, ddr = yO, 


Any, 


“am ‘on, Wn} is the complete biorthogonal system defined by gn = An fken and 


= die S vnk, and 
. 1 


ee Thea 
Bn SSS, \Unls)on(Odsdt 
t Mercer, loc. cit., p. 409. In Mercer’s notation, 


n(8)¢n (t) En(8) E(t) 
pea +z: = 





: N = y'(s,t) = 


n n 
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Substituting for A[w*(p, q) ] from (30), and reducing, we obtain 


(42) BLwa(x, 8)] = oe ss 


By a process similar to that used in passing from (29) to (32), the following 
inequality is obtained from (41), 

















2 | B [ w(6) f Le ntrar | | 


| 
| 





(43) cele a 
é y- Leelee] Lfatvnlnan? + atc, 

where 

Pi (x, s) = 2 p> | ( [ Ke, y)ei(y)dy ) 


2 2 
+ ei(t) (f m0, Ner(bdt) | , 
Qi 
a continuous function, as the series on the right is uniformly convergent. 


The uniform convergence of >}-(/Kg;)? and }\(f//-Mg;,)? for the special 
i k 


kernels under consideration has already been noted; the uniform con- 
vergence of >-[ ¢7(x)/a7] and >"[ ¢i(s)/6;] results from Mercer’s theorem,* 
i k 


if we regard N and L as symmetrizable on the right by N and ZL, respec- 
tively. The inequality (43) may be put into the form 


(44) 2|BLoS Lf] < SSILYS 99* + Fi, 
and for BL ff Ng] there is a corresponding inequality, 
(45) 2|BLIS Ng] SSS GN *oS ff + Vi, 


+ Mercer, loc. cit., p. 409. The expansion referred to is 


a ¢n(S8) ¢n(t) £ (s)£, (t) 
ee eee ee 


|3 


v'(s, t) = ; : 
Mn UR 

in which each series is uniformly convergent when y’'(s, s) is a continuous function of s in 
the interval considered. - In the notation here used, the first series in the corresponding 


expansion for L is 
gy On(X) Gn(Y) 
~ 2 
n an 
Hence > g2(x)/e? is uniformly convergent. Similarly, from the expansion for N, we 
n 


have the uniform convergence of S¢,(s) ¢,(t) /?. 
n 
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in which W? represents a continuous function of x and s. From (44) and 


(45) there results the relation 


bi, 9) — BLS L(e, wifly, say] 
ing | + SS Ha, 142, wfly, ndady Sf S Fn, s)dnds 


” + We, #) — BLS Ns, oft, ad] 
+ SS flax, s)N*(s, Of (E, hdsdt ff T(E, x)dédx > 0. 
If 
) | a” fly, 2) = Do Battely)valt) 
and 
B, = ee 
| then by (42) 
I | Bz = Blwa(z, 8). 
nt. — With the substitution for f of the function given by (47), the inequality 
ial — (46) reduces to | 
ms Pi(x, 8) — 2 >) BB+ DY) B2+ Vile, s) > 0 
‘i or ; ° 
*C- 


2d, Be < 6? 4+ w?, 


Therefore {wa(x, 3)/Na} is of finite norm. From this result and the fact that 
{f;} is of finite norm, we conclude that the series 


re” f ftw, t)we(y, t)dydt 


is uniformly convergent. The following theorem has then been proved: 
THEOREM 3: If the kernels of equations (1) have the form K = JS KT, 
L= SLT, M= SMT, N = SNT, where L, N, T, and T are symmetric 


7 and positive definite, and K and M are symmetric, a function g(a, s) which 
in has the form 


g(x, 8) = SS[K(a, wfly, t)N(s, t) + L(a, y fly, )M(s, t) ldydt, 


fly, t) being any continuous function, may be expanded into the uniformly 
convergent series 


g(a, 8) = Swale, 8) [ f 96, nub (eed natn, 
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where Wa ts the function defined by (18) and ux, v= are the solutions of the 
adjoint system (2). 

Expansion Theorems for Case II.—Before taking up the question of the 
expansion of arbitrary functions, we note certain reductions that are a 
consequence of the special form of the kernels. The equations now con- 
sidered are 


u(x) = Afa(x)T (a, y)u(y)dy + wf b(x) T(x, y)u(y)dy, 


(48) ile ae 
v(s) = ASa(s) T(s, t)v(t)dt — pf b(s) T(s, t)v(t)dt, 


which may be written 


u(x) = [ra(z) + u(x) Ju*(2), 
o(s) = [Aa(s) — u5(s)Jo*(s). 


Substituting from (49) in w,(2, s), we obtain 


(49) 


(50) Wa(X, 8) = Nef_a(ax)b(s) + b(x)(s) JuX(x)o*(s) 
= AF (x, s)ua(x)va(s), 
where 
F(a, s) = a(x)b(s) + b(x)a(s). 
The equations (8) which define the biorthogonal systems {¢;, Yi}, {Gx Ve} 
give the relations 
vila) = afb(a)Wi(x), — Ge(s) = B2b(8)Yu(8). 

It follows that 

aif by; aa 63; 
and therefore 

{xi} = (ar; Voy} 
is a closed normalized orthogonal system of functions. Similarly 


{xx} =F {Bx Voy} 


is a closed normalized orthogonal system. We pass from the biorthogonal 
systems to the orthogonal by means of the relations 





l x: 
9g; = a; Vbxi, yi=— a 


Pk = B; VbX:, 


















x} 
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From (8) 


xi(a) = a2 f V(x) T(x, £) Vbo(E)xi(E)dé, 
Xu(s) = BRS V(s) T(s, 0) Vb(n)Xe(n)dn. 
It follows from (14) and (3) that 


S S uk (x)v% (8) AgF (x, 8) ug (x)vg(s)dads = bag, 


hence 


Nal SF (a, 8)ux?(a)o*(s)\dads = 1, 


which shows that A, > 0 if F(a, s) > 0. resigns when F(z, s) > 0 and 
\, > 0, the functions { vr, eee (s)} = {¢.} form an orthogonal 
system. 

We now proceed to prove that the series (39) is uniformly convergent 
when the kernels are of the type under consideration and F(a, s) > 0. As 


= $) f [ta t)w* (y, t)dydt 
=> ne ake f ; fly, tw (y, t)dydt, 


a 


the series is uniformly convergent if {wa(é, 7)/A2?} and { VAS S fw} are 
of finite norm. Let B denote the transformation defined by (40). In 


Bite, 1 = Df Ke: ff vith at - 
+02 [vitte [we 8 welt 


substitute.a7’ and @T for K and M, respectively, and change from the 
biorthogonal functions {g;, Wi}, {¢x, Wx} to the orthogonal functions 
{x}, {xe}, thus obtaining 


BEf(a, J => xi(E)F(E, n)xx(n)d&dn — _ F(x, 8). xelx) xz (8) | 





Vo(é) V(n) Vo(x) Vo(s) a + Be 
Then 
2/BCAG, Ns f [Oe + me, 9, 
where 


2 Pa, 8) xi(@) | Xi(S) 
eae) ek 
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S Sf (x) Vo(x) T(x, y) Vb) f(y)dxdy = 0 





the series >> [x7(x)/a7] is uniformly convergent.* The series >> [x7(s)/67] 
i k 


is also uniformly convergent, hence we conclude that II?(z, s) is a continuous 
function. Let us assume that F(z, s) satisfies the condition 0 < F(z, s) 
< b(x)b(s), a condition that may be imposed without limiting the problem. 


Then 
| FE” gear < ( (PED 
SS veotn 8 SS Sree 
and it follows that 


(51) 2iBLfe, )11< f f nee dédy + TF(c, 8). 


















If 


f(x, 8) = >> Ca VraF (x, 8)u* (x)0%(s), 
a=1 


where 


S Wald) t) Waly, t) 


the inequality (51) becomes 


T(z, 8) — 2 SY CaBl WeF (a, 8)u8(2)0*(s)] 
a=l 
+ CC, f J Vra VagF (é, 0) uk (E08 (n)u's(E)v5(n)dédn > 0. 
a, B=1 e 


This reduces to 


II?(z, s) — 2 5 C.-B| * “ 2|+3 dC >0 
a=1 = 





or 
n 


C2 < IP(z, s). 


a=} 
Hence {w,(y, t)/d2/”} is of finitenorm. To show { ViAuS Sf (2, sw (2, s)dxds} 


of finite norm, substitute for w*(z, s) from (15) and exhibit ¢, as a factor 


* Mercer, loc. cit., p. 407. 
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of each term, thus obtaining 


va f. f. f(x, s)we(x, s)dads 


SS [ee Nts We gg Vi VF (2, t)u*(a)o*(t)daxdt 
VF (2, t) 





+45 f@, s)L(@, ¥) 4, Vi. VF(s, y)u*(y)0*(s)dyds 


VF(y, 8) 
- f f h(a, t)tq(a, t)dedt, 





where 
f(z, s)N(s, t) f(x, 8) L(a, y) 
h(a, t)= a ds dx. 
OS aa a ae 
But 
ps Lf h(x, t)fa(a, t)dxdt | s EF [ h(a, t) Pdadt; 
therefore 


| Va ni f(a, s)wk (x, s)dads | <2 f f h(x, t) Pdade; 


that is, { Vr S S f(a, s)w*(x, s)dxds} is of finite norm. Since each of the 
sequences is of finite norm, the series (47) is uniformly convergent. 

The function to which the series converges, {- f[K(a, y)f(y, t)N(s, t) 
+ L(x, y)f(y; t)M(s, t) |dydt, takes the form F(x, s)f S T(x, y)f(y, t) T(t, s)dydt 
for the special kernels considered. Hence, with the assumption F > 0, 
we have obtained the expansion 


Poe, s) ff De, wf, OTE sdydt = DE f( 4g, mete, maker 
Because of (50), this reduces to 
Jf Te wt. OTC, sydydt =F usceyese) [f 46, mw8(G, ndédn. 


These results give the following theorem: 

TuHEeorEM 4: If the kernels of system (1) have the form K(z, y)=a(z) T(x, y), 
L(x, y) = b(x) T(x, y), M(s, t) = a(s)T(s, t), N(s, t) = 5(s)T(s, t), where 
a, b, d, b are continuous functions, b> 0, b> 0, ab+ ab > 0 and T, T 
are symmetric positive definite kernels, a function g(x, 8) which is expressible 


as SST (x, y)f(y, )T(t, s)dydt, fly, 


t) denoting a continuous function of y 
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and t, may be expanded into the uniformly convergent series 


g(a, 8) = Duseests) ff He mw¥e, natdr 
= Tuten) ff ow, t)wa(y, t)dydt, 


where uz, ve are the solutions of the adjoint system (2) and w* and w, are the 


functions defined by (15) and (18), respectively. 
We now show without any assumption as to the positive character of 


F(x, s) that the series 
ee 7” [te t)we(y, t)dydt 


is uniformly convergent.’ Using again the transformation B, we find that 
the transformed function BL Bl g(s) /L (2, y)f(y)dy]] has the following form: 





BBLS HAD = EE SID AYS eaba(adn 


; — . F(& 0) @;(€)Gr(n) F(z, 8) vs(a) x6) 
ils : = : = - 1 d = 
x | fy (eM) be) Bm) aj(od + BH "b()b(s) | a2 +83 


Upon the introduction of the orthogonal functions {x;} and {x,} this 














becomes o 
= p SL MviydyS gba dy 
BBLS UD = ¥ i 
a ee 
(52) x er b(£) xaG)ae VbC- 2) b(s Bey 6) AUS) 
i L 2 + gs. 4 i+ Bi 


a(n) 
ra PY sail b(n y XH) Vb(a) f(s 7) BOS 
aj + 8} G+ BI 


k 





By a series of operations similar to those employed in passing from (31) 
to (33), there result from equation (52) and the corresponding equation 


for BL BL gS Lf |] the inequalities 
(53) 2| BLBLgS Lf ]]| < SSHL*S S99* + Ti, 
(54) 2|BLBLFS Ng]]| < SS oN *g S ff* + 13, 
i and II} denoting continuous functions. As a consequence it follows that 
Mi(x, 8) + SS f(x, s)L*(x, fly, s)dads SS T(n, )dnds 
3(2, 8) + SS F(a, N*(s, Of, Ddsdt Sf S T(E, x)dkdz 
— 2BLBLL(z, wf(y, s)dy]] — 2BLBLN (Gs, df(t, x)dt]] 2 0. 





at 


Lis 


at 
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Let , 
fy, = > BaMaly)Ya(t), 
where 
We(X, 8). 
B, = ae 


The substitution of this value of f reduces the preceding inequality to 


T1?(x, s) + T13(x, s) + >> B2— 2 >> B2>0, 
a=1 a=1 
or 


> B < 1? + 12. 


Hence {w,/A2} is of finite norm and the series 


yy wale Sf ft, tw (y, t)dydt 


is uniformly convergent. 
The next step is to determine the form of the function represented by 
the expansion. Equation (21) gives the relation 


2 2 
= Cin Cath * CjVajl 
Aikjl = ps ’ 
a Na 





which, in turn, gives 


Qikiyh; 2 o* ar 
a Ef hVasyh,* C7 Majl 


2 
Qikj yl Al ehh 
py 2 "AAhil = pa r. 
a 


Ah “Al 


By (26), this reduces to 


- ae  - 
tn ee yee 
— * BE = oer 2 ae 
jih Ciyh a @ 
or 
Qikjyh WaikWajl . 
2 . Aj,ljl a ~— _ 
Aah Cal a 


and this by means of the relation 
Waik = SS Witla = SS vignwa 


and the definition of the transformation B gives the equality 
B | i] [K(a, fy, )N(s, t) + La, yfy, DMs, Ojadyat 
pm | f Sy, twa (y, t)dydt. 





a 


This completes the proof of 
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THEOREM 5: Any continuous function h(x, s) that 1s expressible in the 
form 


h(x, 8) = BLS S{K(@, wf, )N(s, t) + L(@, y)fy, t)M(s, t)}dydt], 
where K, L, M, and N are kernels of the type of Case II and f(y, t) is a con- 


tinuous function of y and t, may be expanded into the uniformly convergent 
serves 













ha, 8) = DPS) ff 7y, Qubty, aa 


a 





= DY wala, 8) f f h(y, t)ué(y)oi (t)dydt 
= F(x, s) © uk(2)08 (8) “Ae f sf h(y, t)uk(y)ok (t)dydt, 


where wz and w% are the functions defined by (18) and (15) respectively, and 

ux, vx are the solutions of the adjoint system (2) with the kernels of Case IT. 
Let T(z, y) and T(s, t) denote the Green’s functions that vanish 

at the ends of the intervals considered, of the differential expressions 


du*\ / dv* 
d{p—) dz and d({a— }/ ds, respectively, where p > 0 and 7 > 0. 
dx ds 
The system of differential equations (6) ($1) with the given boundary 
conditions is equivalent to a system of integral equations of the form 


u*(t) = i) T(z, ya(y)u*(y)dy + p f T(x, y)b(y)u*(y)dy, | 
v*(s) =X [ "Fs, t)a(t)o*(t)dt — ps f “Tis, t)b(t)v*(dt, ; 


a, b, d, b denoting analytic functions, and this is exactly the adjoint system 
of (48). By Theorem 4 any continuous function having continuous first 
and second derivatives and satisfying the given boundary conditions may 
be expanded into a uniformly convergent series in terms of the solutions 
ux, vx of the differential equations, if F(x, s) > 0. 

If F(z, s) is not everywhere positive, it follows from Theorem 5 that 
every function g(z, s) continuous and with continuous derivatives of the 
first four orders, satisfying certain boundary conditions, may be expanded 
into a uniformly convergent series in terms of uxvX. For when g(2, $) 
is subject to the above conditions, there exists a function k(x, s) continuous 
and with continuous first and second derivatives, satisfying certain bound- 
ary conditions, such that 


g(x, 8) = V(x) S T(x, y)b(y)dy-k(x, s)Vb(s) S T(s, t)b(i)dt. 











he 
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ff tes svxstadRatordeds = LL2 Ew, oad 


aiBz 


Further a function f(y, ¢) can be found such that 


SITE WIG HT, dydt 
= b(E) Vo(n) S T(E, nd b(n) k(n, mdm oe 
+ b(E) b(n) S T(m, 0) Vo(nk(E, nddm 


and therefore 
7 F(é, n) xi(E)xx(n) 
iy ’ ’ y iy ’ d d. ey ee rer 2 
i J J J CE MI, NTC, Daya EO mad + Bl 


= pres - ‘ete +3 








7 f f gE, n)xi(E)xe(n)dédn. 
It follows that 


B | ; f {K(a, w fy, )N(s, t) + La, y)fly, t)M(s, t)}dydt 


Fs). 


= 9(2, 8) Vo(z)B(s) ° 


that is, the function g is expressible in the form specified for the function 
hin Theorem 5. 

Thus Hilbert’s results for the expansion of an arbitrary function of two 
variables in terms of the solutions of the differential equations (b) are 
obtained as a special case of the results stated in Theorems 4 and 5. 














THE ASYMPTOTIC EXPANSION OF THE FUNCTIONS W,.,,.(z) OF 
WHITTAKER. 


By F. H. Murray. 


The asymptotic expansion of the functions W;, m(z) has been given* 
for any sector |arg z| < 7 — e where € > 0. 

In many applications it is convenient to have also the expansion in a 
sector including the negative half of the real axis; in this paper it will be 
shown that if the parameters k and m satisfy certain inequalities, the expan- 
sion given by Whittaker remains valid in such a sector. This result is 
applied in a study of the “croissance”’ of the solutions of a class of linear 
differential equations of the second order, forming an extension of an 
earlier paper by the writer. 

1. If R(k — 4 — m) <0, the function W;,, »(z) is defined by the formula 
(1) We. m(z) = ee ee pr a tage ~tdt 

ha’ PE—k+m) J :) 
(— a < argz <7) 
and satisfies the differential equation 


CW 1,k,t-7m]|,, 

2 tl —-+-44+%4 W = 0. 
(2) “at ptit+t 

If z is not real, Wx, m(z) and W_x, m(— z) are linearly independent solu- 
tions of (2); if z is real, the values Wx, m(z + 70) or We, m(z — 70) can be 
taken. When z is not real, the asymptotic expansion for W;, ,,.(z) is known; 
it will be shown that if k, m are real, and 
(3) —1<k-fs+m< 0, 


this expansion remains valid when z approaches a point on the negative 
real axis. ; 
If z is not real, and\ = k —3+ m, 


x a 2 
faery BA D(AY 
z 2 as 


+ 


~ 








(4) +o eee ey 
oe — a ~- Q th (1 + ty [wa + u) "du, 
n! z 0 





* Bull. Amer. Math. Soc., Vol. X. Whittaker and Watson, “Modern Analysis,” 
Chap. XVI, 2d or 3d edition. 
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where for convenience a straight line path of integration will be chosen. 
As in (1), that branch of the function [1 + (¢/z)]* is chosen which is real and 
positive when 2 is real and positive. If the right-hand member of (4) is 
substituted in (1) and the terms integrated separately, the following expan- 
sion is obtained: 








=n eee 
We, m(z) = eG g*s 1 + m: an mis 
{m? — (k — 4)7}{ — (k — 2) 
(5) se ewe ee 
+2 ee ee ee er 
n! Zz 
in which 


) — AA—1) --: A=) (a2 ‘fe Mu] 
6) R,(z) = nl F(-k+4-+m) Jo ye (1+) J u"(1+u)* “du |dt, 


n—-k—t+m>0. 


It remains to discuss the remainder term when z is in the neighborhood 


of a point on the negative half of the real axis. If ¢ is real, and z = —2z’, 


zZ=a2t+ wy, y ~ 0, 








(7) R ;)= 4 
2! | 2” |? th 
if 
1\2 
= isl |z’| seca, a = arctan”. 
2 x 
Also 


re / 


t/2’ 
[ u®(1 + uy du = (— 1)" | u"(1 — uy" du. 
0 0 
Substituting in (6), 


8) Sinaia is ies a — 9 fh +h] 


r(- aoe +m 
= fret 
Jo 


r t/z2’ 
1 ) | f u(1 — wd | dt, 
0 
re) s t x t/2’ 
I, = f {hak et (1 - 5) | f u™(1— wide | dt. 
vt 0 





t 
ee 


(9) 


13 
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If-a straight line path of integration is chosen, and u = & + iy, then 
since —-A—1< 0, 





|du| = sec adz, |l1—u| = |1—a4l, 
\(1— — <|a—-—a" |, 


t r 
2 + | 2 


Consequently* if ¢ < t), 


t/2? q le Ran t/t, 

A u(1 — u)~'du} < || seca f (1 — #)7-" dz 

0 a | 0 
n —r 
y}-P- (1-8) 

ty 
ke ig ee el t \*| 
ea erating sl1— (1-2) a 


t 
ree [ ‘praktnetde = IC < TA — 2k + n+ 1), 
~/0 


t 
(13) i- rf iil 1 -i) dt, 
0 ty 


(14) | <| S520 + 10, 


To find an upper bound for J{, introduce the integrals 


(10) 











(11) 


b 


lA 
~ 
oO 

© 
IQ 
aw, 
a ~ 





from which 
(12) li] < 
Or if 








t;/2 
J, = f -pr-2ktne-tt, — t)rdt, 
0 


ty 
Jo = f pr-2ktne—t(t, — 4) dt. 
1/2 


Then 
(15) It = t7\(Ji + Je). 
In Ji, 
ing (t; —i? < 4 \* 
: ae i ~_. 
Consequently 
r 
(16) i< (5) TA — 2k+n+1). 





* In the following developments if the real power of a positive quantity is indicated, 
the absolute value will be understood. 
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hen 



















Je < ge (t1/2)pX—-2k-+n "1 (t t)® u< e~ (t1/2)42h—2k tnt 
2 . i : ie nee a: 
4/2 211. + 1) 


Hence 


Soe || FO — 2b-+ n+ 1(l-+2>) + 
} 


Since — 1 < — dA — 1, we obtain from (9), (10), 


r 1 
(18) | Z2| <i :& ptking (1 -;) | if ads alae | at 
t1 1 0 


d Also, 
t/t, 1 t/t, 
1— 4d = ale +++ )dz 
rr. a |de = [( yas + f («+d 


ni goer ee 





(17) | Ih | < 7 (1/2) 2k tnt 


2+. + 1) 


Consequently from (18), 


a seem [4 (f-2) 


(19) 

sec a ‘ 

~ Te ]*)a] ” + Iz], 

(20) in { prektnetdt < TA —2k+n+1), 

ty 
(21) a ae ea 

e/il 
Let i = t — t. 

iy = f Ca eae 

(22) , 


= t7*e74 - (t + ty)? e-*hdt. 
0 
If 0 <t <tihit+th < 2t; if ¢ > th, t+ ty S & Hence 
t 
fi bb th) Pett < (24) 2D + 1), 
0 


f (t +t) Pett < D-2htaP(2n — 2k + n+ 1). 
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Consequently 
I, < teh 2e ap 2+ + 1) +(2V — 2k + n+ 1)], 







lie} < (TA — 2+ a+ 1) 






(23) [2’[*[a] 
+ e~hgrh2etng NTA + Le" + T(2QA — 2k + n+ 1)}}, 
For large values of |z’| = |z|, and for seca < C, the sum of the upper 





bounds for |J;| and |J2| is of the order of |z|~"; since this sum is independ- 
ent of y, for sec a < C, the asymptotic expansion (5) holds also in a sector 
(sec a < C). which includes the negative half of the real axis.* 
2. Suppose given the equation and inequalities 
x 


att < (tf) < at™, t>t, m> 0. 










The auxiliary equation 






(25) 










can be transformed into 


@ ,f_1,4-# 1. 
(26) wat |-G+! | i=0 









by means of the substitutions 
















1 a 4a 
27 = ; = {mis 7,. z= pmt2) /2, 
(27) al a y de sas 
Consequently any solution of (25) can be represented in the form 


4a — 4a 
— (m/4) eg (m+2) /2 7 (m-+2) /2 . 
y ” [oe or(= 3! A) + CW o.r(= 3! | 


* From the preceding developments we obtain 











We, m(e) = etd a +S 4-0 +S + Rants) }, 
where | Rn4i(z)| < Ansi]z|/~@*. Consequently 
Ws, »(z) = ewne{ a feoeee Hh = + R,(z) }. 


< |4n41| + Ans F 
wer | gn | 


[Ra(z)| = | H+ Raarle) 


| gntl 





Hence it can be assumed that R,(z) is of the order of |z|~*=. 
t On certain linear differential equations of the second order, Annals of Math., Vol. 
24, No. 1, 1922. 
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Sincee —1< —}$+p<0, the results of the first section can be 
applied. Also, from (1) it is easily shown that W_o, m(— 2) is equal to a 
real function plus a solution of the order of e~“/ under the hypotheses of 
section 1. Hence the asymptotic expansion for Wo, ,(— 2) is that of a real 
solution of (26). 

) I}. Consequently by an argument exactly similar to that employed at the 

} end of § 2 of the paper referred to, it is seen that if Y2(#) is the solution of 


per ; : ; ad 
ad (24) passing through (to, zo) which remains bounded for ¢ < to, Y2, Y2, the 
ta corresponding solutions of (25) for m = m1, m = mz respectively, then for 


i> to, 
¥3< ¥2< ¥3, 
(28) wi . Qe (Mm; (m+ 2) /2 nD .4+2)/2 
y *) a Cte Km+2)¢0% {1 + Ry (tt 7] I. 
Also, if mi < mz < — 2, p; <0, and z approaches zero as t > ©. 
Inequalities (28) hold again, with 


YP = Ca{l + Yat} + O71 + Yi alee}, 
n=1 n=1 


as is seen by expressing the solutions of (26) in terms of the functions 
Mo, p(2), Mo, wight). * 
* Whittaker and Watson. l.c. 














SOME GEOMETRIC APPLICATIONS OF SYMMETRIC SUBSTITU- 
TION GROUPS. 







By ARNOLD Emcu. 


I. INTRODUCTION. 











The geometry of the symmetric group in its fundamental aspects has 
been investigated in an important memoir by J. Veronese.* Meanwhile 


the literature on invariant forms under finite collineation groups has 






become quite extensive. 

The n letters a1, a2, a3, --+, dy of a substitution may be considered as the 
homogeneous coérdinates of a point of a projective (n — 1)-space, so that 
to the n! substitutions of the group correspond the same number of points 
which lie on the hyper-quadric 


(1) > (27): > (aja,) — - (aap) ° > (a?) = 0. 


i=1 1,k=1 t,k=1 
i+k itk 





























This may always be written in the form 
(2) r ( yx: | —p =. (x; — ay)? = 0. 
tsi ; 


For the purpose of this paper I shall quote in substance a few theorems 
for n = 3 and n = 4; 1L.e., for the groups Gs and Gos. 

THEOREM 1: All sextuples of points of the G, lie on a pencil of conics, 
which touch the lines 


X1 + et. + 2x3 = 0 
V1 + C22 + €X3 = 0 


at their intersections I and J with the unit-line e = 21 + a + x3 = 0. 
Denoting by ©, G2, &; the intersections of the sides x; = 0, a, = 0, 
a3 = 0 with e, by A,A2A3 and E the coérdinate-triangle and unit-point, 
we have 
THEOREM 2: The points of every sextuple determine 3 involutions on the 
corresponding conic, with ©, G2, Es as centers and A,E, = lh, AoE, = lb, 
A3E3 = I; respectively as axes of the involution. If these cut e in the same 


and 





* “Tnterprétation géométrique de la théorie des substitutions de n letters, particuliére- 
ment pour n = 3, 4, 5, 6, en relation avec les groupes de l’Hexagramme mystique,”’ Annali dt 
Matematica, Vol. XI, Ser. II, pp. 93-236 (July, 1882). 
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order in ©, G3, G3, then EG}, G5, EsG3 are pairs of an involution with I 
and J as double points. 

THEOREM 3: There exists a group of collineations, simply isomorphic with 
the Gs, which leaves all conics of the pencil of the growp invariant, and which 
permutes three associated involutions of a sextuple on every conic of the group. 

For the Go, we have 

THEOREM 4: Any set of 24 points of the G24 lies on 16 conics of a quadric 
whose planes by four pass through the four lines 3; cut out from the unit-plane e 
by the codrdinate-planes x; = 0. The points of the group lie two by two on 
72 lines which in sets of 12 pass through the six vertices Ej, of the quadrilateral 
81828384. 24 points of the Sos form 6 involutions with the €’s as centers and 
the 6 planes through the edges of the codrdinate-tetrahedron and the unit-point, 
taken in the proper order, as axial planes. All quadrics of the Gos form a 
pencil and touch each other and the cone 2(x; — xx)’ = 0 along its intersection 
with e. 

©,, is the intersection of A;A, with e. These and related theorems 
may be immediately generalized for the G,,, but nothing essentially new 
would be gained by doing so. 

It is the purpose of this paper to study some of the curves and surfaces 
which are associated with these groups, i.e., the Gs and Ga, and are invariant 
in the isomorphic groups of collineation. 

Denoting a substitution of the collineation group Gs by Six, we have 


px} = %% ; 
/ (1, k, 1 = 1, 2, 3) 
(3) Sixt = 4 pxt2 = : 
eee GAkF l). 
pr3z = a 
For the Geox we have 
lew = V% 
ae=2; (,3,k,1= 1, 2,3,4 
(4) Sin = : : : . : ) 
ptig3= ze 1X IFLA ID. 
px, = 21 


II. INVARIANT PLANE n-ICS OF THE Gg. 


§1. General Case. 
1. Let g: = Lai, go = Vajyarz, G3 = X1%2%3 denote the elementary sym- 
metric ternary forms, then every symmetric ternary n-ic, or curve of order 
n, of this type may be written in the form 


Cn = ogi + Met 7G2 + AxgtT *¢3 + Aset “3 
+ Met goys + Ast “G2 + eet “G3 + --- = 0. 


(5) 
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Such an n-ic is obviously invariant under the group of collineations 4, 
represented by (3) and contains ©! sextuples S, of points of the Gs. 

Two n-ics of this kind intersect in n? points which group themselves 
into a finite number pp S n/6 of sextuples, while the rest of the common 
points, n? — w, are absorbed in a definite manner by ©, G2, G3, J, J as 
will be shown in the cases of cubics, quartics, quintics, and sextics. 

The determination of the exact number of effective constants for the 
n-ic (5) is a well-known problem of partition in number theory.* If the 
exponents of ¢1, ¢2, ¢3 in the general term of (5) are a, 6, vy, there is 


(6) a+ 28+ 3y = n. 


There are as many distinct terms in (5) as there are positive integral solu- 
tions .a, 8, y, for a given n, of the diophantine equation (6). 

If this number is N, the number of effective constants is VN — 1. N is 
the largest positive integer which is equal or comes nearest to (n + 3)?/12. 
As the six points of an S, determine three involutions on the conic Kg 
associated with the S,, with ©, G, ©; as centers and x. — 23 = 0, 
x3 — 2% = 0, 21 — xe = 0 as axes of involution, to a point P on Kg corre- 
sponds a point Q of S, so that PQ passes through ©, and cuts x. — 23 = 0 
in a point R so that (G:RPQ) = — 1. When P approaches a point R on 
the line x2. — 23 = 0, Q does the same thing. The same situation exists 
for the other involutions. Hence any conic Kg of the Ss cuts the lines 
lL, = a — 23 = 0, lp = 23 — 2 = 0, 13 = 2 — 22 = 0 in six points so that 
the tangents to Kg at these points, in pairs, pass through G, G2, &3. This 
property may be extended to any general invariant n-ic of the Sg, as will 
appear from the polar of ©; later on, so that we have . 

THEOREM 5: A general invariant n-ic Cy, F(21, 22, 23) = 0 cuts each of 
the three lines x; — x, = 0 in n points, so that the tangents to the n-ic at these 
points pass through the corresponding point &;. 

If a point Py.3 lies on x, — x2 = 0, the six points of the S, coincide by 
twos, 1e., Pies = Pais = Pris, Pise = Posi = Pisi, Psio = P21 = Psi, and 
their joins pass, in the limit, through G3, ©, ©. Hence the 

THEOREM 6: If an invariant conic Kg is tangent to an invariant C,, at 
one of the points of intersection of the C, with the lines |, lo, 13, say ly, then 
Kg touches the C, in two other points which lie on lz and 13. There are, in 
general, n such conics. 

That the C, cuts, say 1, in n points with the tangents at these points 
passing through ©, is corroborated by the fact that the first polar of G 
with respect to the C,, breaks up into the line J; and an (n — 2)-ic. 

When a conic Kg touches the C,, in a point which does not lie on a line 


* See Dickson, ‘History of the Theory of Numbers,” Vol. II, Chap. III, pp. 101-164. 
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l, then it touches the C, in 5 other points. The six points of tangency of 
the K, and C, form, of course, a sextuple of the Sg. ; 

To determine the number of such conics it must be remembered that all 
K;,’s of the S, form a pencil 





gi + Age = 0. 
Such a conic is tangent to the n-ic F = 0, when 
tnt Wee eo ik, HE 
O02; 02; 


Now 0¢2/07; = 1 — 2; Denoting dF /dx; by F;, this leads to the condition 


241 $1 — %1 F, 
2¢1 Y1 — 2X2 F, 
2¢1 ¢1—%3 Fs 


= (), 








or 


ai(F, — F3) + a(F's — Fi) + a3(Fi — F,) = 0. 
Computing this by the use of (5), it reduces to the form 
(a1 — Xe) (a2 — 2X3) (a3 — 21)®"-3(24, 22, x3) = 0. 


This is a degenerate n-ic which cuts the C,, in n? points which are points of 
tangency of conics of the group. Obviously, among these points are 
included the 3n points cut out by the C, on the lines 7. Outside of these 
points there are n? — 3n points of tangency of conics with the C,. In 
case that the C,, and the 6"~* have no points in common which lie on the 
unit-line, n? — 3n is the number of tangencies of proper conics, and this 
number is a multiple of 6; there are then §(n? — 3n) such conics touching 
the C,, in six points. If k points of intersection of F and 6*~ lie on the 
unit-line, the number of conics is reduced accordingly. 

Summing up we may state the 

THeorREM 7: If k points of intersections of C, and &"~* are absorbed by 
points on the unit-line, then there are, in general, n invariant tri-tangent 
conics, with points of tangency on the lines Iylel3, and §(n? — 3n — k) hexa- 
tangent invariant conics of the Cy. 

In case of a cubic there are merely 3 tritangent conics. For a sextic 
there are 6 tritangent conics and 3 hexatangent conics. 

2. Double Tangents and Double Points.—The polar of ©, with respect 
to the C,, is simply F, — F3; = 0, or 
(% — x3) (Mgt? + 2Wset tye + MET “os + 3rs¢T 3 

+ +++ + adegi? + Mgt ye + Weel “os + -+-)} = 0, 


or 
(to — 23)~n-2 = 0. 


Hence, there are in general n(n — 2) tangents from ©, to the C, whose 
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points of tangency P do not lie on the line 22 — 23 = 0. Suppose G,P 
4s such a tangent. On account of the invariance of C,, there is another 
point Q on C, and 1; which is a point of tangency. 

If the C, and y,_2 have intersections on the unit-line /, the number of 
tangents from the points ©; is reduced by a certain number k. As every 
proper tangent from ©; to the C,, touches C,, in another point, we may state 
the 

THEOREM 8: From every point ©; there are {n(n — 2) — k} double 
tangents to the C,. There are altogether 3 {n(n — 2) — k} such double tangents, 

If an invariant n-ic has a multiple point at ©, then it also has multiple 
points of the same type at © and G3. Likewise, multiplicities of the same 
sort appear simultaneously at Ai, Ae, A3, and at I and J. According to 
theorem 5 a multiplicity in a point of the axes /; of involutory perspective 
occurs when two branches come into contact at such a point. This may 
be an ordinary double point or a tacnode. If an n-ic passes through E 
it will have a singularity at E. Outside of these points the multiple points 
of an n-ic, if there are any, lie by groups of sextuples on conics of the G,. 

That £ is a singularity for an invariant n-ic passing through F can 
easily be proved as follows: Suppose that b is a simple branch of such a 
curve through E and in its neighborhood whose tangent at FE does not 
coincide with one of the /;’s._ When a point P describes 6} the 5 equivalent 
points of P of the sextuple describe 5 other branches of the same curve 
through E. Hence E is a sextuple point of the n-ic. When d has one of the 
l’s as a tangent at E, then as /; is invariant in one collineation of the G, 
there will be a second branch of the-curve having the same /; as a tangent. 
The same situation exists for the other two /;’s._ Hence the sextuple point 
may become a triple tacnode. Imposing the single condition that the 
curve shall have a double point and no higher singularity at EF leads to the 
result that in such a case E is an isolated double point with EJ and EJ as 
imaginary tangents. In fact this is verified by making C,, pass through E£. 
This establishes a linear relation between all \’s in (5). When this obtains, 
AC,,/0x;, OC,/d22, OC,/dx3 vanish at FE, which establishes the fact that E isa 
singularity. To ascertain its nature, we may take A:/A; as the new co- 
ordinate-triangle, so that 21 = 2}, % = 2 — 22, %3 = x; — x3. Substitut- 
ing these in (5), the coefficients of 2;", 2"! vanish identically, and the 
coefficient of z{"~? contains x3? — xja3 + 23? as a factor. This breaks up 
into two linear factors which are the transformed equations of EI and Eu, 
and which represent the tangents to C, at E. If € represents a cube root 
of unity the equations of EI and EJ turn out to be 


EI =a, + et. + €23 = 0, 
EJ = 1 + e729 + €X3 = 0. 
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Summing up we have 

THEOREM 9: Singularities of invariant n-ics occur simultaneously at the 
A’s, ©’s, I and J, af they occur at all at any of these sets of points. Singu- 
larities on the 1;’s occur in triples belonging to the Gs. If the nic passes through 
E, then, in general, E 1s an isolated double point of the n-ic. For curves 
higher than the sixth order, E may become a sextuple or multiple sextuple 
point, including triple tacnodal sets. Outside of these, singularities, if they 
exist, occur in seatuples lying on conics of the Gs. 

It is of importance to know whether there exist rational invariant n-ics. 
The question can be answered affirmatively as follows: We may restrict 
ourselves to the cases where the double points occur in groups of sextuples 
only. For this purpose there must be 

_ (n—1)(n — 2) 


= —___——__—_ = 6m, 


2 
where m is a positive integer. Choosing n = 12k + 5, there is 


56 = 6(8k + 1)(4k + 1) 
and 


m = (8k+ 1)(4k+ 1). 


m denotes the number of sextuples of double points. Clearly the lowest 
order for an irreducible rational n-ic is 5. The six double points of the 
rational invariant quintic lie on a conic of the Gs. The general quintic 
belonging to the G, passes singly through G,, G2, G3, J, J. 

That there are rational curves with other singularities than those in 
sextuples appears from the case of the sextic with double points at A;, Ao, 
A;, E and at the points of a given sextuple. Another case is the septimic 
with a sextuple point at E. 

§2. Cubic. 


The most general cubic of the Ss may be written in the form 
(7) F = gi + Agige + wes = 0. 


It depends on two effective parameters \, uw, and cuts the unit-line 
€= 21+ a2 + x3 = 0 in G, G, & which are points of inflexion of the cubic. 
The inflexional tangents at these points are 


(A + w)a1 + Are + Aas = 0, 
Ati + (A+ [M) x2 + Aas = 0, 


Ari + Ate + (A+ waz = 0. 











198 Emcu: Symmetric Substitution Groups. 


If these are chosen as sides of a new coérdinate triangle, F assumes the form 





3r , 
(8) (eo; +. 2% + 23)* < x3 < a 12 * 24Xox3 = 0. 
Now it is known that every general (elliptic) cubic may be reduced to the 
form 
(9) x? + x + x a 3k2 12223 = 0, 


in which ©, ©, ©; are again inflexional points. If we choose the inflexional 
tangents again as sides of a new codrdinate triangle, the general cubic 
assumes the form 

3(k + 2)8 
10 z x is)! — 2 —— -2X2%3 = 0, 
(10) (a1 + 22 + 23) @+e+1 7 


in which the parameter multiplying x:72%3; may have any value. But as, 
likewise, also the parameter (rational function of \ and yu) multiplying 
242223 in the reduced form of the symmetric cubic may have any value, 
it is evident that the cubic invariant in the symmetric group Sg is a general 
cubic. 

There is however also a pencil of rational cubics in the Gs. If we make 


C; pass through E, by choosing uy = — 27 — 9), this pencil is 
(11) C3; = 9} — 2793 + A(¢i¢2 — 9¢3) = 0. 
§ 3. Quartic. 


1. From § 1, 2, in case of a quartic, 
(= hoy + Aivi¢e + A2gi¢s + As¢3 = 0, 
Yo = AVI + Aogit1 + 2ZAsge = 0. 


The two curves intersect in 8 points of which two are J and J on e (k = 2). 
Outside of e there are therefore 6 points of intersection, and consequently 
3 double tangents from every point ©;. The unit line e is obviously a 
double tangent to the C, at J and J. In this manner we have accounted 
for 10 double tangents of the C4. 

Every ©; is the center of an involutory perspective collineation, with 
x; — 2, = 0 as the axis of perspective (7 and k being the indices chosen 
from 1, 2, 3, different from 7), by which the C, is transformed into itself. 

The Hessian of C, which is an invariant Cs cuts the C; in 24 points of 
inflexion which lie in sextuples on four conics of the G. 

Choosing I.E as the new coordinate triangle, i.e., putting 


ay + et. + C23 = pri, 
a1 + €a? + exs = px, 


/ 
px3, 


(12) 


I 


21+ “xX2+ 23 
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the C, will assume the form 
(13) axy! + bavaias + cag(ai? + 2h) + dxiPa? = 0, 


in which a, b, ec, d are linear functions of Xo, Ai, Ae, Az. This is precisely the 
form of the invariant quartic discussed by Cianv.* 
The triply infinite linear system of C,’s contains, of course also, the pencil 


(14) > xt + 6d D> xa? = 0, 


which is invariant under the 24 substitutions of the octahedral group 


H | v2 v3 ° ‘ P . P 
7&7 = 1,232.3 k ‘ 
Cc pons t; Ry 3 ~HRADTF1 
Among the curves of the pencil are two Kleinean curves, which are obtained . 
for 

eGR | ae 


4 : 4 


These cases are also discussed by Ciani, loc. cit. 

2. Double Tangents of Quartic.—From the well-known fact that if a, 
8, v, 6 is a set of four of the 28 double tangents of a general quartic, whose 
points of contact lie on a conic ¢, then the quartic has the form 


(15) aBvi — r\¢~” = 0, 


it must be possible to put our general quartic in this form. Denoting by X 
a parameter 


C4 — Not + Avi¢e + A2Gigs + Ass = 0 


may be written in the identical form 
gi{ (Nod? — Az) Gi + (Ard? — 22sA)G1G2 + MA2ys} — As(Yi + Age)? = 0. 


Now e = g, is a double tangent, and from each &, G2, 3 there are 3 double 
tangents. Sets of three out of these 9 may be chosen so that their product 
forms a symmetric cubic. Such a product is necessarily of the form 


(G1 + mar) (G1 + mate) (G1 + was) = (1 + wei + weige + pos. 
Now it is possible to choose \ in such a manner that the cubic 
(AoA? — As)¢i + (id? — 2sd)Gi¢e + MAsgs = O 
becomes reducible like the cubic with the parameter yu. For this purpose 
we must eliminate yu and p from the three equations 
Ao? — As = p(1+4u), Arr? — 2sdh = py?, Ash? = py’. 


* “1 varii tipi possibili di quartiche piane piu volte omologico-armoniche,” Rendiconti 
del Circolo Matematico di Palermo, Vol. XIII, pp. 347-373 (1899). 


— 
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This leads to the cubic in \ 


[rods — ATA + Az) JA? + [GATAs + 4Arrods |? 
— [Adds + 8A1\5 + 4(A1 + Az)AZ JA + 85 = 0, 


There are therefore three triples of double tangents. Hence 

THEOREM 10: The 9 double tangents through the ©;’s form three triples, 
whose 6 points of contact, together with I and J of course, lie on 3 conics of the 
Gs. The remaining 18 double tangents form 3 sextuples each circumscribed 
to a conic of the Gs. The twelve points of contact of each sextuple lie on two 
conics of the group. 

3. The Quartic as an Envelope of Cubics.—The conic ¢? + Ay = 0 
cuts the cubic 


(AoA? — Az)e? + (Atv? — 2Azd)Gig2 + AsdG3 = 0 


in 6 points which are points of tangency of the quartic and the cubic. 
For every value of \ there is such a sextuple, so that the C, may be generated 
as the envelope of the system of cubics 


(16) (Angi + Argig¢e + Azys)A? — Zsyvigedr — Azsyi = 0. 


In fact the discriminant of this cubic with respect to \ gives precisely the 
C;. Through every point (x) there are evidently two cubics touching the 
C, along sextuples. When (2) is on the €,, then the two cubics coincide. 

THEOREM 11: Every C; is enveloped by a system of invariant cubics of 
index 2. Through every sextuple S there are two cubics which touch the C; 
in points of sextuples. When S is on the C, the two tangent-cubics coincide. 

The other well-known systems of enveloping conics and cubics of the 
quartic do not belong to symmetric forms and shall therefore not be con- 
sidered in this place. 

§ 4. Quintics. 


1. System of Quintics and their Double Points.—The general system of 
invariant quintics 


(17) Novi + Aigige + Asgigs + Asv193 + Augeygs = 0 


depends on four effective constants. All quintics of the system pass 
through the five fixed points €,, G2, ©, J, J and have EJ and EJ as common 
tangents at J and J. Two quintics intersect in 25 points, of which 7 are 
absorbed by the five fixed points. The remaining 18 intersections form 
three sextuples of the Gs. Four independent sextuples determine a quintic 
uniquely and the quintics through three fixed sextuples form a pencil. 

As a double point absorbs three conditions, any point P in a general 
position may be taken as a double point of a quintic, so that also the five 
equivalent points of the group are double points. 
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THEOREM 12: The points of a sextuple are therefore the double points of a 
rational quintic. 

There can be only one quintic with a given sextuple of double points, 
since two distinct quintics with these as common double points would 
intersect in 27 points, which is impossible. 

The quintics of the set 


(18) Aspi¢s + Asy1ys + Augoys = 0 


have A, As, Az as double points. When \y = — 3d2 — 9Az, then also E 
becomes a double point (isolated). 

2. Quintics as Envelopes and Problems of Closure.—Multiplying the 
quintic by ¢; we obtain the reducible sextic 


(19) Aoyl + Argig¢e + Asvigs + Asvie? + MePi¢2¢3 = I, 
which by transformation 

(20) PYL= i, PY2= iv, ps = Ys 

is mapped on the conic K 

(21) oyi + Aryry2 + Aryiys + Asy2 + Myoys = 0 


in the (y)-plane. To the line g; = 0 in the (x)-plane corresponds the point 
(0, 0, 1) on the conic. Obviously the points G, G, G3, J, J of the quintic 
are mapped into (0, 0, 1). 

Conversely to a line a1y1 + a2y, + a3y3 = 0 corresponds the cubic 


(22) aig; + argige + as¢3 = 0. 


To a conic in (y) corresponds a sextic in (x), and so forth. To a tangent t 
of (21) corresponds a cubic C3 which touches the quintic along the points 
of a sextuple which absorb 12 of the 15 points of intersection of the cubic 
and the quintic. The remaining three points of intersection lie at ©, G2, G3. 
As the conic (21) is enveloped by its system of tangents we have 

THEOREM 13: A given general quintic of Ge is enveloped by a definite 
system of «1 cubics belonging to Gs, so that through every sextuple there are, 
in general, two sixfold tangent cubics. 

The «? double tangent conics of K may be written in the form 


(23) (ay + QA2Y2 + a3y3)” +K=0. 


From the algebraic form of (23) it is easily seen that through two fixed 
points in (y) there are in general four double tangent conics to K. Hence, 
when we consider the 1! double tangent conics (23) through a fixed point 
we obtain a system such that through every point there are four conics of 
the system. 
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Transforming back to the (a)-plane we have 

THEOREM 14: Every point in (y) determines a system of sextics which 
envelopes the quintic such that every sextic touches the quintic along the points 
of two seatuples. Through every sextuple in a general position there are four 
such tangent sextics. 

These sextics have the form 


(24) (aii + A2p1¢2 + 303)" + gils = 0, 


where C; denotes the quintic. In the intersection of the sextic and the 
quintic ©, ©, €; count for two points each, so that the complete inter- 
section consists of 2-2-6 + 2-3 = 30 points. 

It is evident that other projective properties of the conic have their 
equivalent on the quintic. For example, consider two conics K, say K; 
and Ko, with a Poncelet polygone of n sides inscribed in K, and circumscribed 
to K,. Going back to the (x)-plane we have 

THEOREM 15: Given two quintics CSP, CP of the Gs. Through any 
sextuple So of CY pass a cubic touching CP along the points of a sextuple and 
cutting CYP in a second sextuple S;. Through S; pass another cubic touching 
C2 in the same manner and cutting C3 in a third sextuple S2; suppose that 
after continuing this process n times, S, coincides with So. If this happens 
once, Sp, will always coincide with So, no matter what sextuple So we choose on Cj. 


§ 5. Seatics. 
1. Systems of Sextics and Double Points.—A general sextic of the Gg: 


(25) opt + Arpigs + Argigs + Asvie2 + Agiyees + Asy2 + Aces = 0, 


depends on six effective constants, so that six independent sextuples deter- 
mine a sextic completely. Five such sextuples determine a pencil. From 
this follows 

THEOREM 16: All seatics which pass through five independent fixed sea- 
tuples pass through a sixth fixed sextuple. 

The points of a sextuple are double points of all sextics of a definite 
system. In addition to such a sextuple of double points, a sextic may 
have double points at Ai, Ao, A; and E, so that the sextic becomes a rational 
sextic. There is just one sextic with these double points since two sexties 
with the same double points would intersect in 40 points. The sextic 


(26) NG1P2¢3 oe Asve + Nees = 0 


has triple points at A;, A2, A3. Moreover if we choose Xs = — 9A; — 27Nsy 
we obtain a pencil of rational sextics 


(27) givoys — 993 — (2793 — 2) = 0, 
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which at A;, de, A3 have the common tangents x2 + 23 = 0, a3 + a = 0, 
a+ xv = 0, and at E the common tangents HJ and EJ.* Of the 36 
points of intersection of two sextics 10 are absorbed by each A;, A», A3 
(9 on account of the triple point, 1 on account of the common tangents at 
each point); 6 by E (double points with common tangents). 

2. Sextics as Envelopes.—To the reducible nonic consisting of the 
product of gj and the sextic corresponds in the (y)-plane, by the transforma- 
tion (20), the cubic 





(28) hoy + AYiYe + hoyiys + Asyiy> + Aayiyoys + As + eyiY3 = 0, 


which, in general, is elliptic. To the line g; = 0 corresponds the point 
(y) = (0, 0, 1), to the factor gj of the nonic this point three times. To 
the intersections of the sextic with ¢; = 0 corresponds this same point. 
To every sextuple of the sextic corresponds a point of the cubic (28). Con- 
versely to every point of the cubic corresponds a sextuple of the sextic. 
More generally, to every sextuple in (2) corresponds a point in (y), and 
conversely. To lines, conics, etc., in (y) correspond symmetric cubics, 
sextics, etc., in (7). Hence, to the geometry of points, lines, conics, .. . 
in (y) corresponds abstractly the same geometry of sextuples, cubics, sextics, 

. of the Ge in (2). 

By means of this correspondence we are able to state immediately a 
number of theorems in the (x)-plane which are the equivalents of those in 
the (y)-plane. We shall restrict ourselves to some of the most important. 

An elliptic cubic has 9 inflexions which lie 3 by 3 on 12 lines. In the 
(x)-plane we have 

THEOREM 17: There are 9 cubics which osculate a given (general) sextic 
of the Gg in points of a sextuple. The nine sextuples of osculating points lie 
3 by 3 on 12 cubies. 

Again an elliptic cubic admits of 27 conics with sextactic contact; hence 

THEOREM 18: There are 27 sextics which touch a given sextic in sextuples 
of sextactic points. 

With every inflexion of an elliptic cubic is associated a system of ©? 
tritangent conics. Through every point in a general position there is a 
system of «! such conics, which envelope the cubic. In the (x)-plane we 
have accordingly 

THEOREM 19: A given sextic may be generated in nine ways by «©? systems 
of enveloping sextics. Every enveloping sextic touches the given sextic in the 
points of three sextuples. 

* For other special types of sextics invariant under the Gs, for example the G3«0, see 


A. B. Coble, “‘An Invariant Condition for Certain Automorphic Algebraic Forms.’”’ AMER- 
ICAN JOURNAL OF Matuematics, Vol. XXVIII, pp. 333-366 (1906). 


14 
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There are 9 systems of ©! doubly osculating conics for a given cubic, 
Thus 

THEOREM 20: Every sextic admits of 9 systems of 1 doubly osculating 
sextics. Every enveloping sextic osculates the given sextic in the points of 
two sextuples. 

3. Problems of Closure.—Let P and Q be two points on the cubic C3. 
Through P draw any line / cutting C; in A; and B,. Let the join B,Q cut 
C3; in a third point C;; let C.P cut C3; in D;; finally, let D:Q cut C3 in E;. 
If E, coincides with A;, then this coincidence will take place, no matter 
what initial line / we draw through P. We have accordingly 

THEOREM 21: Let P and Q be two sextuples on the seatic Cs. Through 
P draw any cubic | cutting Cs in the sextuples A; and B;. Let the cubic 
through B, and Q cut C, in a third sextuple Ci; let the cubic through C, and P 
cut Cy in the sextuple Di; finally let the cubic through D; and Q cut C¢ in the 
seatuple E;. If Ey coincides with Aj, then this coincidence will take place, 
no matter what initial cubic | we pass through P. 

Other equivalent theorems might be stated with equal ease. 


III. INvARIANT SURFACES AND CURVES OF THE (4. 


§1. The General Invariant n-c. 


Denoting the elementary symmetric functions in the quaternary field 
again by 


¢i = 22, go = UIrxk, $3 = LrjAjXr, 4 = UNA 3a, 


the general n-ic may be written in the form 


N—1 
(29) »» Aviese3¢) = 0, 
(30) a+ 28+ 37 + 46 = n, 


so that the number N of effective constants is equal to the positive integral 
solution of this diophantine equation, diminished by one. It is not difficult 
to find the number N for a given numerical integral value of n. For 
example, the systems of quadrics, cubics, quartics, quintics, sextics de- 
pend on 1, 2, 4, 5, 8 effective constants. 

In space of m — 1 dimensions the symmetric n-ic (n = m) 


Nj 
(31) > viehe3 +: = 


depends on N effective constants, whose number depends analogously on 
the partition problem in number theory. 


(32) a+ 26+ 3v+--- + m=n. 
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In what follows I shall restrict myself to a short discussion of cubics 
and the sextic curves obtained as intersections of quadrics and cubics of 


the Gou. 
§2. The 27 Lines on a Symmetric Cubic. 


The symmetric cubic C3; 
(33) g3 + Agige + ues = 0, 


or 
(a1 + 23 + 23 + a4)? 
(34) + A(a + we + a3 + aa) [ (21 + xe) (a3 + %4) + ite + 232s | 
+ pL (21 + ao)xgay + (t3 + a4) a2 | = 0 


is satisfied by any point of the three lines 


1 %+ 2 = 0 I a+ 23; = 0 I m+a=0 
, 3+ a4 = 0 - Xo + xu = 0 : Xo + 23 = 0. 


These lines lie on the unit-plane 2; + x2 + 23 + a4 = 0 and form one of 
the 45 triangles of the cubic. To find the remaining 24 lines, pass any 
plane x3 + 2% = O(a, + x2) through 1}. This will cut C3; in a conic whose 
projection upon the (a:22%3)-plane is obtained by the elimination of 2%. 
There is 24 = 0(a1 + 22) — 2x3, so that (34) becomes, after dividing through 
by (a1 + 22) and rearranging, 


[d+ 6)8-+ ACL + 06 e? + C+ 6)°-+ ACL + OOS — [A+ 6) + wkd 
+2[a+or+ra+ +340) +40 |am 


+2 E + 6)@ +50 | ne +2 E + 6)0+ 0 | zon = (), 
This conic degenerates into two lines, when the discriminant 


fatorraatoo] [atorratoet Fato+So] [Ra+oo+ol 


| 
| 
| 
| 


[a+6)+n+6)64 : (1+6)+ £o| Ca+6)*+r(1+6)6] [3 (1+0)0+ | ar 


[a+o+ 0 | Fanos Ho ~ Pa +6) +4) 


Subtracting the second from the first line and factoring we get 


| oe 
2+ 6) +u6)-| A Bo C|_ 
9 
2 


Dato + Hh i . 
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or 
(1+ 6)[A(1+ 6) + w6] [A+ 6) + w J [40. + 8)? + 406+ A+ nO +r] = 0, 
The last factor may be written 

(4+dA)0+ (8+ 44+ »)6+44+2. 
This equated to zero gives for the roots 
—8—4—w+ VB+ A+ u?— 444d)? 

8+ 2d 


There are, therefore, 5 planes through /; which cut C; in pairs of lines. The 
parameters of these planes are 


4,5= 











6,=—1, = — a, = —*T#, 
9, = ~8— Aa Ht VE + 4+ uw? — (8+ 2d)? 
8 + 2r 
Bh de, vibes gn ae... eee 
© = 8—4d— wt VE+ A+ uy)? — B+ 2d? 
The plane 0; = — 1, of course, cuts C3 in J, and 713. As 62 and 43, as well as 


6, and 6;, are reciprocal to each other, the planes 6, and 63 are permuted by 
the substitutions (3335); (1334); (234); (1234). The same substitutions 
permute @, and 6;. The same equivalent collineations transform 62 into 63, 
and @, into 6;. On the other hand, the substitutions (collineations) 


1234 1234 (5288) 
1243 2134 2143 


leave each of those planes invariant. 

On account of the symmetric character of the equation of C3, precisely 
the same parameters and substitutions for the planes through /, and };, 
cutting C; in pairs of lines, are obtained. Hence 

THEOREM 22: The effective determination of the 27 lines of a symmetric 
cubic is possible by the solution-of three linear and one quadratic equation with 
a parameter 6 as the unknown. 

The three lines J, l2, 13 are left invariant or are permuted by the 24 sub- 
stitutions of the symmetric group. Every substitution which permutes |; 
and J, (i, k = 1, 2, 3) also permutes the planes through /; and /; with the 
same parameters. 

§3. Seaxtic Curves of the Gos. 

Two cubics 


(35) F = agi + beige + cgs = 0, 
(36) G= dy} + egig2 + fes = 0 
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of the set of symmetric quaternary cubics intersect in a space curve of 
order 9 which degenerates into a sextic S and three fixed lines C3 (¢; = 0, 
¢3; = 0) in the unit-plane. 


87) gr = 2 = — (af — cdot — ce — r= 0 


is a quadric through S. Conversely when a definite quadric 


(38) Q = Ce~ Agi = 0 
is given, any cubic through the sextic on Q and F may be written in the form 
(39) (a + db)gi + ces = 0 


From this follows that all possible sextics of the group on the quadric Q 
are cut out by a pencil of cubics which osculate along the three lines C3. 

On every sextic there is a simply infinite set of 24 points of the group 
which lie two by two on 12 lines through each of the €;;’s. Hence, from 
each of these points the sextic is projected upon a plane into a curve all of 
whose points are double points, hence into a cubic. From this follows 

THEOREM 23: The seatics of the group are of genus 4 and form a set. 
Every sextic of the group lies on 6 cubic cones with their vertices at the €;;’s. 

It is not difficult to find the equations of these cones. For example if 
we write Q = git Ago, F = og? + ugigs + vez, the cone with Gy as a 
vertex has the form 


(40) A(Gi+ wpig2 + Es) — (YI+ Age) {u (a1 + 2) + (U+ v) (a3 + 24)} = 0. 


The relation between the six cones may be stated in 

THEOREM 24: The cubic cone through the sextic, with ©;; as a vertex, 
osculates the plane x; + x; — 2% — x, = 0 along the line ©;G41. Two cubic 
cones through the sextic with ©;; and ©; as vertices intersect moreover in a 
plane cubic which lies in the plane x; — x, = 0. 


UNIVERSITY OF ILLINOIS. 











ON ELLIPTIC CYLINDER FUNCTIONS OF THE SECOND KIND, 





By SASINDRACHANDRA Duar. 

1. The canonical form of Mathieu’s differential equation is given by 
dy 
qt (A + 16q cos 2z)y = 0. (1) 


For certain values of “A.” two kinds of solutions of the above differential 
equation have been constructed. The periodic solutions of the first kind 
have been denoted by Professor Whittaker* in the forms: 


Céo(2, q), C&i(2, q), *** Cem(2,q), *°° }. (2) 
$€1(2, g), *** S8€m(%,q), °° 

The solutions of the second kind corresponding to the above solutions 

of the first kind were first systematically studied by Mr. E. Lindsay Ince,t+ 

who gave us two methods for constructing the series of integrals. These 

like the solutions of the first kind are not, however, periodic. The special 

value of “A” for which the solution ce»(z, g) has been constructed is given 


by 








‘ 32¢7 128(5m? + 7)q4 
A= « at AE competes — eee te, Z 
aati m—1 (m? — 1)3(m? — 4) Ae 8) 
We shall denote it, however, as 
A=a+aqt agt ---, ete, (4) 
where 
Gy = m’, a, = 0, i = = : ree, ete. 
m* — | 


2. The existence of an infinite number of solutions of the second kind 
corresponding to the infinite number of solutions of the first kind can be 
easily demonstrated by the following well-known theorem of linear differ- 
ential equation of the second order: . 

If y = v be a particular integral of the differential equation 


d’y 
ae y= 0, 
dz? + Qy 
then the most general solution of the above equation is given by 


y=0(B+C fia). 


* Whittaker, Fifth International Congress of Mathematics, 1912. 
t E. Lindsay Ince, Proc. Edin. Math. Soc., Vol. XX XIII, 1914-15. 
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Therefore the solution of the second kind corresponding to the solution 
y = 2, of the first kind, is given by 


y= Co f ds, (5) 


where C is an arbitrary constant. 

3. Mr. Ince has by using the above formula (5) calculated some of the 
simplest of the integrals. He has, in fact, calculated the integral corre- 
sponding to céo(z,q). But the process is very laborious in practice and 
even then one cannot get as many terms as one would like. 

His other method is comparatively easy, but requires for the deter- 
mination of the solutions a knowledge of the forms of the integrals, which 
will be furnished by the formula (5). But all these integrals can be easily 
constructed by proceeding with a little modification, the method employed 
by Mathieu* and Sieger.t We proceed thus: 

If, for instance, we require to construct the integral of the second kind 
corresponding to Cém(z, q), we will take the expression for “A” to be that 
given in (4) and assume 


y = fol(z) + gfilz) + Pfe(z) + --> ete., (6) 


where fo(z), f(z), fo(z), «++, ete., are functions of z only. 

Substituting these values of A and y in the differential equation (1) 
and equating the different powers of g to zero, we get the following differ- 
ential equations from which to determine fo(z), f1(2), fe(z), «++, ete.: 


0(2) + dofo(z) = 0, 
1(2) + dofi(z) = — {asfo(z) + 16 cos 2zfo(z)}, 
2(2) + dofe(z) = — {aefo(z) + arfi(z) + 16 cos 2z2fo(z)}, 
Ee Bate eine ee ere 
n(2) + Gofn(z) = — {anfo(2) + anifi(z) 
+ +++ + asfr_i(z) + 16 cos 2zf,-1(z)}, 





4, If, now, we solve the differential equation 
f'"'(@) + aofo(z) = 0, 


we find that there are two possible values for fo(z), viz., cos mz and sin mz. 
If we proceed with fo(z) = cos mz, it will only enable us to obtain the solution 
Cém(2, q), for it is in this way that ce,,(z, g) can be obtained, the constants 
a, a2, +++, ete., being determined by the fact that cém(z, q) is to be periodic. 


* EK. L. Mathieu, Liowville’s Journal (2), XIII (1868). 
t Sieger, Annalen der Physik, Bd. 27. 
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We will, therefore, proceed with fo(z) = sin mz, and solve the equations 
one by one. 

In determining f;(2), fo(z), ---, ete., from the differential equations given 
in (7), it will be found necessary to put the expressions on the right-hand 
side of those equations in series of cosines or sines of multiples of z and 
further it will be seen that we shall be constantly required to find par- 
ticular integrals of equations of the types: 

(i) y’ + my = Ccos(m+a)z,_ (ii) y’ + my = Csin (m+ a)z, 
(iii) y’ + m’y = C cos mz, (iv) y” + my = C sin mz, \ (8) 
(v) y’ + my = Cz cos az, (vi) y”’ + my = Cz sin az, J 


whose particular integrals are given by 





(i) y= — Cos (m+ a)z/a(2m + a), } 
(ii) y = — Csin (m+ a)z/a(2m + a), 
(iii) y = Cz sin mz/2m, 
(iv) y = — Cz cos m2/2m, t 
ail (9) 
v) y¥ = ———--2 cos az + ———— _ sin az 
(v) y m — & > (m? — a’)? : 
(vi) y= z sin az 2Cex COS az 
a - ae _. Dieamame ts - . 
tT ne “ (m2? — a’)? J 





Thus, following the above processes, all the integrals of the second kind 
corresponding to those of the first kind as given in (2) can be obtained very 
easily. Following the notation suggested by Professor Whittaker, they 
may be denoted as 

amo(z, 9), tmr(Z, q), tm2(Z, q), *** IMm(Z,9q), **° - (10) 
jnr(2, Qs Jn2(2 Qs *** IMm(%, Qs *° 

5. Let us illustrate the processes indicated above by working out a 
particular case. Suppose we wish to find the integral which corresponds to 
ce;(z, gq). The particular value of “A”’ for this is given by 


A=1-— 8q— 8/+ Be Se oo tte, (11) 
9 Y 


3 
Hence to find 771(z, g), we shall have to solve the equations: 
(i) fi(z) + fi(z) = 8 sin z — 16 cos 2z-sin z, ) 


(ii) f2(2) + fo(z) = 8 sinz + 8f;(z) — 16 cos 2z-f;(z), | 
(iii) f3(z) + f(z) = — 8 sinz + 8f1(z) + 8fe(z) — 16 cos 2z-f2(z), (12) 


(a) Now, the solution of the equation (i) is obtained by adding up the 
particular integrals of 


y"'(z) + y(z) = 16 sing; y’(z) + y(z) = — 8 sin 32, 











ns 
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which by the help of (8) and (9) is given by 
fi(z) = — 8z cosz-+ sin 3z. 


(b) To find f2(z), we need only find the particular integrals of the follow- 
ing equations: 
y’'(z) + y(z) = 642 cos 32; y’'(z) + y(z) = 8 sin 3z; 


y’'(z) + y(z) = — 8 sin 5z, 


and 


_and add them up. Thus we get 


fo(z) = 82 cos 3z + 5 sin 3z + sin 5z. 


(c) To find f3(z), we transform the expression on the right-hand side of 
(iii) (12) as 


— 48 sinz + = sin 32 — = sin 5z — : sin 7z — 16z cos 3z — 642 cos 5z, 


and the form of f3(z) is determined by adding up the particular integrals of 
y(z) + y(z) = — 48 sing, ---, etc., y’’ (2) + y(z) = — 642 cos 5z, 
and hence we have 


f(z) = 242 cos 2 + 8z cos 3z — se cos 5z + - sin 7z + : sin 5z — = sin 32. 


Proceeding thus, we can get as many terms as we like and hence on 
arranging, we find 2m;(7, g) to be given by 


— 8q(1 — 3q¢7+ +=) e084 q cos 3z + e(- cos 3z + 500s 5) + vee 
+ sinz+ @ sin 3z + o (sin 5z + sin 3: ) 


+ # (zgsin 72+ Ssin 52 — 2 





is sins )+=- ete. 


On A NEw METHOD OF CONSTRUCTING SOLUTIONS OF THE SECOND KIND. 


6. The methods given above and as also employed by Mr. E. Lindsay 
Ince are not suitable for studying the convergence of the series; but what 
is given below, while allowing us to construct the series of integrals very 
easily, is also suitable for the consideration of their convergency. This 
latter method follows lines similar to that employed by Frobenius* in solving 
linear differential equations and also similar to that employed by Professors 


Whittaker and Watsont for constructing integrals of the first kind. 


* Frobenius, Crelle’s Journal, Vol. LX XVI. 
} Whittaker and Watson, “‘ Modern Analysis,” pp. 413-415. 
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Let us investigate the solution 77,,(z, q) corresponding to the solution 
Cém(2, q) of the first kind, for which the value of “A”’ is given by (4). 
If, now, we put in Matthieu’s differential equation (1) 


A = m+ 8p, 
it will become 


dy 2 y) 
det my = — 8(p + 2q cos 2z)y. 


When “p” and “gq” are neglected, solutions of the equation are given by 
y = cos mz and y = sin mz. 


If we proceed with y = cos mz, it will enable us to construct the solution 
C€m(z, q)* and so we proceed with y = sin mz. Let us denote Uo(z) = sin mz. 
Then to obtain a closer approximation, we write — 8(p + 2q cos 22) U (z) 
as a series of sines of multiples of “z” in the form - 

— 8{q sin (m — 2)z+ p sin mz+ q sin (m+ 2)z} 
which we will denote by Vi(z). 
Then instead of solving the differential equation 


d 5 
sat my = Vic), 
we will solve the equation 


2 
sf + my = W,(z), (13) 


where W,(z) = Vi(z) + (8p — aig) sin mz. Its integral, which we will 
denote by Ui(z), is given by 
— 2q sin (m — 2)z , 2q sin (m+ 2)z , aigz cos mz 
—] a m+ 1 . 2m (14) 

To obtain a still closer approximation, we will express — 8(p + 29 
cos 2z)U;(z) as a series of sines of multiples of “z,’’ which we will denote 
by V2(z), viz., 
16q? sin (m — 4)z 





U,(z) — 


16pq sin (m — 2)z a 32q’ sin mz 














— oa ee m — 1 
_ 16pq sin (m + 2)2_ 16q° sin (m + 4)z_ 8q’az cos (m — 2)z (15) 
m+ 1 m+ 1 2m 
Spqaiz cos mz _ 8q°aiz cos (m + 2)z 
es 2m Bs ak, 


Here again we solve the equation 


d? 
sat my = Wee), 





* “Modern Analysis,” p. 413. 
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where W2(z) = Vo(z) — aeg? sin mz + doz cos mz, where 2 has been deter- 
mined in such a way that W2(z) does not involve “z cos mz.” * 

Suppose U2(z) is the integral of the above equation. We will now 
proceed exactly with U2(z) as we have done with U;(z) and obtain the 
integral U3(z). 

7. Continuing thus, we get the integrals Uo(z), Ui(z), Ue(z), --- Un(z), 
.-+, ete., of the differential equations 


dz? : 
By + my = 0, 


@ ‘ 

cat my = Wile), 

; Ze * (16) 
2 

ou my = W,(z), 





4 


respectively, where 


W,,(2) = Vun(z) — Gag” sin mz + Ayz cos mz; (m > 2) 
Vr(z) = — 8(p + 2q cos 2z)Un-i(z), (nm > 1). 


Therefore, from (16), we have 
(atm). LUG) = LM, 
< n=0 n=1 


ie. = 2 V,(2) + (8p — 2 ang") sin mz + 2, dnt cos mz, 


or 
{53+ (A + 169 cos 2a) ‘ >> U,(2) 
0 


= (8p — >) ang”) sin mz + D> Anz cos mz. 
1 2 
But we have from (4) 


8p = 2s ang”, 


and it will also be found that }°YA, vanishes for the above value of “p.”’ 
Hence if the series }-fU,(z) be uniformly convergent, the series will be a 
solution of Mathieu’s equation. It is, in fact, the solution of the second 
kind, corresponding to cém(z, q), as has been obtained by Mr. Lindsay Ince, 
that is, 

inm(z, 7) = >> U,(2). (17) 


* It will be found that z cos mz first appears in U,,(z), i.e. in Vn4:(z). 
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8. We now proceed to show that >°7A, actually vanishes by working 
out a few particular cases. Suppose we construct the integral which corre- 
sponds to ce;(z, q), the particular value of “A” for which ce;(z, q) was 
obtained being given by (11), viz., 
cu + ---, ete. 


8 
A=1— 8q— 8 4+ 8% — = — 
q q . 7 RY 9 


If we write 
A=1+ 8p, 


Mathieu’s differential equation reduces to 
. Py 
det y = — 8(p + 2¢q cos 2z)y. 


In this case Uo(z) is evidently sin z. 
(a) To get U;(z), we express — 8(p + 2q cos 22) Uo(z) in a series of sines 
in the form 
— 8(p — gq) sinz — 8¢q sin 32 = V,(z), 


and solve the equation 
dy > 
<a+y= Mie), 


where W,(z) = Vi(z) + 8(p + q) sing, since there is no term z cos 2 con- 
tained in V;(z). 
The integral of the above equation is found to be 


U,i(2) = — 8qz cosz + q sin 3z. 


(b) Again, we express — 8(p + 2q cos z)U;(z) in a series of sines of 
multiples of z, thus 


64q(p + g)z cos z + 6492 cos 3z — 8pq sin 3z — 8q* sin 5z — 84° sin 2 
which we denote by V2(z). 
Then we shall have to find an integral of the differential equation 


d’y : 
qa t be W3(z), 


where W2(z) = V2(z) — 64q(p + g)z cosz + 8¢ sin z (here W.(z) is made 
independent of z cos z). On simplification, we get 
W2(z) = 6492 cos 32 — 8pq sin 3z + 8@ sin 5z. 


The integral of the above equation is given by 


U2(z) = — 89’z cos 32 +q (6g + p) sin 3z + =o sin 5z. 





as 


Ss 
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(c) Again, since 


— 8(p + 2¢ cos 2z)U2(z) 
= 64q°z cos 52 + 64p9’z cos 3z + 649% cos z 


— 8¢°(6q + p) sinz — {8pq(6q + p) + = @' sin 32 
— 8{¢(6q + p) + 5 Pa sin 5z — 7 sin 72, 
which we denote by V3(z), we have 


W3(z) = V3(z) — 64q%z cos z — 8¢° sin z, 


so that W3(z) may not contain z cos z. 
Now, solving the differential equation 


d’y ‘ 
cat y= Ws), 


we find 
U3(z) = — 5 a2 cos 5z — 8pq’z cos 3z + 497(7q + p)z cos z 
, ite ‘ eae eek 
+ q{ p? t+ 12pq+ 37 )sin 32 + 9 q(p + 7q) sin 52 + ia7 sin 
(d) In the same way, V4(z) = — 8(p + 2q cos 22)U3(z). Now, if we 


express it in a series of sines, we find that the term which contains z cos 2 
as a factor is 


— 32¢7(p? + 6pq + 7q*)z cos z, 


and the term which contains sin z is 
ee 
— 87 (¢ + 12pq + 3?) sin 2. 
o 


Hence we define W,(z) such that 

W4(z) = Va(z) + 32¢?(p + 6pq + 7¢*)z cos z + 7 sin 2. 
W,(z) is thus made independent of z cos z. We can now find the integral 
U,4(z). 


Proceeding thus, we can find all the integrals Uo(z), Ui(z), U2(z), Us(z), 
++» U,(z), «++, ete. Hence if, in the series 


Uo(z) + Ui(z) + Us(z) + --* + Une) + -:>, 
as found above, we substitute by (11) 
8p = — 8¢.—- 8¢° + 8° — Sy — «045 QU, 
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we get, after arranging, 
— 8q(1 — 3q°+ ---)z{cos z+ q cos 32 + g°(— cos 32 + 4 cos 5z) + +--+} 


+ sinz + q sin 3z + ¢°(4 sin 5z + 5 sin 32) 


+ of( ssn 72 + Ssin 52 — sin 3z ) + ee (18) 


correct to the third power of gq. 
And here it will be noticed that >°?X, as obtained above is given by 


— 64q(p + 9) — 649° + 329°(p* + 6pg + 79°) + -:-, 
which, on substitution of the value of “p” in terms of “g,’’ vanishes if we 
neglect terms containing higher powers a “q”’ than the fourth. 
Hence the series (18) is a solution of the “differential equation (1) and is 


the solution of the second kind denoted by 77;(z, q). 
9. Similarly if we proceed to construct the integral corresponding to the 


value of “A”’ for cee(z, q), viz., 


A=44+2¢ ot: ++, ete., 


we find 
U,(z) = sin 22, 
Ui(z) = 4 sin 42, 


U2(z) = ie sin 6z + =P sin 42 + 8q"z cos 22, 


U;(z) = af sin 82 + 5 94 sin 6: + 50 ( $2" — Sie? ) sin 4 
— 16q*z + $ pq’z cos 2z + 4° gz cos 42, 


and 
DAn = 64pq? + (Fre — 256q* + +¢) +> ++, ote. 


80 1 ,/ 80 . is 12 
= ae (Pet )45e(Fet +) — 2564! + St + eee 


= 0, neglecting higher powers of g than the fourth. 
Thus >), vanishes and >-U,(z) gives the solution of the second kind corre- 
sponding to ce2(z, q). It is evidently the solution 7m2(z, ¢). 
10. Again, if we proceed to construct the integral of the second kind 
corresponding to the integral ce3(z, g), for which 


A=9+ 4¢ — 84 ee =o! + +>», ete, 
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we obtain, in this case, 
Up(z) = - 32, 
Ui(z) = so sin 52 — q sin 2, 


Un(2) = 7 


U3(2) = anf sin 9z + ont sin 72 + si(e +5 ¢) sin 5e 


g sin 7z ac 4P4 sin 5z +r q(p — q) sing, 


+ 5oGp — 8q)z cos 3z — g(p — gq)’ sin z, 


and 
8 32, 40 64 28 
The = spp — 82) + (Fe — Pout + Sot — Spit) + ---, ete, 
ae 2 — §¢ 22 — 8 2 me Qed .--t@3 32 5 
a4 (49 Sg? + Pl 5 tag Ses es 
5 ] 2 2 
+s — Sf ++: gia eee 
ae 2— 83 2-2 $392 Sera 


= 0, neglecting higher powers of q than the fifth. 
Hence >-U,,(z) as obtained from above is the second solution corresponding 
to ce3(z, g) and is denoted by 7n3(z, q). 
That >A, vanishes, has been further verified in a few other cases. 


On THE CONVERGENCE OF THE SERIES OF INTEGRALS OF THE SECOND KIND. 


11. The process of term-by-term differentiation which we have carried 
out in § 7 is only permissible when we have proved that the infinite series 
DU, (z) is a uniformly convergent series of analytic functions. It is, there- 
fore, necessary for us to examine the solution >:U,(z) more closely with a 
view to study its convergence. 

The forms of U,(z) which are solutions of the differential equation 


d’y . 
oh + my = Wale) 


will be of the following types: 
(i) when n < m, 


U,(z) = * = Bn, r Sin (m — 2r)z + p3 Qn, r Sin (m + 2r)z, 


* >’ means that the summation ceases at the greatest value of r, which is less than or 
equal to m/2. 
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(ii) when n = m, 
Ua(s) = * > Bm, r Sin (m — 2r)z + - Om, r Sin (m + 2r)z + So, 02 cos mz, 
(iii) when age m, 1.e., when n = m - 4 and 7 > 1, 
Um+y(2) = a Bmin, 1 Sin (m — 2r)z + Dnt , sin (m + 2r)z 
n 


+ z { ~ Yn. r COS (m — 2r)z + Le 6, 7 COS (m aa 2r)z}. 
r=0 


r=] 


Then since 
& 
(3+ nt ) Umtyti(2) = — 8(p + 2q cos 22) Uinyn(%) — Amp yp12 COS mz 
— Ang” sin mz, 


we get on equating the coefficients of z cos (m+ 2r)z, z cos (m — 2r)az, 
sin (m+ 2r)z, and sin (m — 2r)z, the following recurrence-formule: 


(a) (mt r)bgt.r = 2p8y,r+ qd), 2+) ad}, (= 12,3, -) 
(0) er — m) rye = 2 PY r+ ay, Ht + Ym 4}; (<3) 


(c) rim t+ romp, rt : (m + 2r)6,41, + 


r= 1,2,3,--- 
- 2{ Pmt, r+ Q(Qmty, r$1 1 mtn, r1)} i > L ) 
but when n < m, ss) 


r(m + 1) Qn+1, = 2{ pan, r -+- q(Qn, r+1 + Qn, r~1) a 


(d) (ry — m)Barett, e+ ; (m — 2)Yer1, + 


33 2{PBm+y, - + q(Bmt-n, r+1 + Bint», nt) } ’ (« s *} 
but when n < m, 
ne nei m)Brs, ae 2(PBn, r+ q(Bn, ai Bn, ri) }5 (« < 7} 
with the following restrictions: 


On, r = Ba, r = Yn, 7 = 5a, r = 0, if fan 


and also 
On, 0 = Bn, o = Yn,0 = 0, whatever n is. 


12. If we denote 
2 ae= D,, Mme = C,, 
n=r n=r 


then D, and C, give the sum of the coefficients of z cos (m+ 2r)z, and 
2 cos (m — 2r)z respectively in >> U,(z). 





nd 


Duar: Elliptic Cylinder Functions. 219 


Hence from (a) and (6), § 11, we get 
r(m + r)D, = 2{pD, + q(Dra + Dr41)}, (18) 
r(r — m)C, = 2{pC, + g(Ca + Cr41)}- (19) 
From the forms given in (18) and (19), it is evident that the series for 


D, and C, are both convergent* and that 


lim D, = 0, and lim C, = 0. 


Similarly, denoting 
@ co 

2 hie Ay; > oy = B,, 
n=T 


=] 


which represent respectively the coefficients of sin (m+ 2r)z and sin 
(m — 2r)z, occurring in >> U,(z), we get from (c) and (d) 


r(m + r)A, + ; (m + 2r)D, = 2{pA, + q(Aria+ Arqi)}, (20) 


r(r — m)B, +5 (m — 2r)C, = 2{pB, + q(Bra+ Brs)}. 21) 

Writing 
w, = — 2q/{r(m + 1) — 2p}, 
v = (m+ 2r)/2{r(m + r) — 2p}, v; 


we get from (20) and (21) respectively 


= — 2q/{r(r — m) — 2p}, 
(m — 2r)/2{r(m+ r) — 2p}, 


€ 
| 


07D, + Ari + Ar + wAryi = 0, (22) 
v1, C, + w, Bri + Be + w/ Bry = 0. (23) 
Eliminating Ay, Ag, «++ Api, Angi, -** from (22), we get 
4, = ‘<q, (24) 
where 
Ao=/|1 aw 


| We 1 We 
0 W3 1 W3 
0 0 W4 1 4 ’ 

















* Whittaker and Watson, “Modern Analysis,” pp. 415-416. 
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oO, = muDi+o, 1, 1, | 
Do, we, 1, we, | 
03D3, 0, 3, 1, W3;, | 

Vp—1D =P 0 0 0 0 Wr—1y - 0 | : 
0,D;, Bae _ =< 0 | 
41D 741, 0 0 0 0 0 0 1, Wr+1s 0 
0 0 0 0 0 0 Wr+2, . Wr+, 0 


| r42Dy+2, 
| 


since Ao = 1. 
Expanding the determinant 0, in terms of the elements of the first 
column, we get 


‘6% ce (Di + o)M, +> DeMi}, (25) 
0 k=2 





where the M’s denote the first minors of the elements of the first column. 
13. It will be easily seen that with s > 1 


(i) M45 = (— 1). pay 9° (\Gntg1* Ar+s |} 1 wy 


i@e 1 we 
| 9 W3 ] W3 ly 


where A,,; stands for the infinite determinant 


1 Wrtstt 
Wr+s+2 1 Wr+s+2 


0 Wr4343 1 Wr+s+3 ) 
and also when k<r 
(ii) Mz = (— 1) empowers «++ or Ar | 1 


| We 1 We 
0 W3 1 3 ’ 


| 
° e e ° Wr-1 1 
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and further 


| (ii) Mp=(—1)7|1 w 
W2 1 We 
0 W3 1 W3 


1 Wr41 
Wr+2 1 Wr+2 








The infinite determinant A, is convergent, whatever ‘r’ is, and further 





st 
that lim A, = 1. Hence the M’s are all finite and the series (25) is there- 
j fore convergent and converges to a finite value, if r is finite, but vanishes 
)) if r is made infinitely large. 
The same may be proved for B, by means of the relation (23). 
n. The series -U, is, therefore, uniformly convergent in any bounded 


domain of z so that term-by-term differentiation is permissible. 
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* Helge Von Koch, Acta Mathematica, Vol. XVI. 











